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Abstract: We study the jet energy drop, which is the relative difference between the
groomed and ungroomed jet energy or transverse momentum. It is one of the fundamental
quantities that characterizes the impact of grooming on jets produced in high energy colli-
sions. We consider three different grooming algorithms i) soft drop, ii) iterated soft drop,
and iii) trimming. We carry out the resummation of large logarithms of the jet energy
drop, the jet radius as well as relevant grooming parameters at next-to-leading logarithmic
(NLL′) accuracy. In addition, we account for non-global and clustering logarithms, and
determine the next-to-leading order corrections. For soft drop we perform a joint resum-
mation of the jet energy drop and the groomed jet radius, which is necessary to achieve
the correct all-order structure of the cross section, in particular for the Sudakov-safe case
of soft drop with β = 0. We present numerical results for LHC energies and compare
to Pythia simulations as well as CMS data. Our factorization framework predicts the
onset of nonperturbative effects in the jet energy distribution, in line with what we find
in Pythia. The jet energy drop observables stand out because they only probe soft radi-
ation, making them ideal candidates for the tuning of parton shower Monte Carlo event
generators and for probing medium effects in heavy-ion collisions.
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1 Introduction
Jet substructure techniques have become an important part of measurements at high en-
ergy particle colliders over the last decade. These techniques are used in searches for
physics beyond the Standard Model, e.g. tagging hadronic decays of heavy resonances or
discriminating quark/gluon jets, the measurement of fundamental parameters, such as the
strong coupling constant, and probing the modification of jets in heavy-ion collisions. See
refs. [1–3] for reviews from a theoretical and experimental point of view.
In the past couple of years, precision calculations of jet substructure observables have
become available, that allow for direct comparisons of theoretical calculations and data. A
crucial ingredient in making this possible, is the development of jet grooming techniques
that are compatible with theoretical calculations. Grooming techniques address the highly-
contaminated environment at hadron colliders, systematically removing soft wide-angle
radiation from the observed jets, see fig. 1, thereby also reducing hadronization effects.
Examples are trimming [4], pruning [5], soft killer [6], soft drop [7], iterated soft drop [8]
and recursive soft drop [9]. Initially, grooming (desirable for experiment) and theoretical
precision seemed mutually exclusive, but some of these grooming techniques are quite
amenable to calculations in perturbative QCD. Specific examples include: the soft-drop
groomed jet mass [10–12], the groomed jet radius [13] and the repositioning of the jet
axes due to grooming [14]. Experimental results for soft-drop groomed jet observables can
be found in refs. [15–24], and for related recent theoretical calculations of groomed jet
substructure observables see refs. [25–42].
In this work, we consider the jet energy drop, which is given by the relative transverse
momentum (or energy) difference between the groomed and ungroomed (i.e. original) jet,
∆E =
pT − pgrT
pT
= 1− p
gr
T
pT
. (1.1)
We consider the jet energy drop for three grooming procedures that have been used by
experimental collaborations: i) trimming, ii) soft drop and iii) iterated soft drop. This
observable is of great interest for characterizing the impact of grooming on the measured
jets. In particular, the soft sensitivity of these observables makes them ideally suited for
tuning parton shower event generators, see e.g. Refs. [43, 44]. Similarly, collinear drop [45]
also probes soft radiation, by “taking the difference” of two soft drop grooming procedures
with different parameters. However, this removes the softest radiation, which is kept in
our case.
For each grooming procedure, we develop the factorization formula for jet energy drop
within Soft Collinear Effective Theory (SCET) [46–50], which allows for the resummation of
large logarithmic corrections to all orders at next-to-leading logarithmic (NLL′) order. The
logarithms we resum are those of the jet energy drop, as well as the jet radius and grooming
parameters. We will treat all logarithms as independent, but in principle, one can refine
predictions (e.g. near the endpoint in ∆E) by considering parametric relations between the
jet energy drop and grooming parameters. To obtain our predictions, we included the one-
loop expression for the ingredients of the factorization theorem, the one-loop anomalous
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Figure 1. Schematic picture of a jet, with circles representing radiation whose size corresponds to
its energy. Wide-angle soft radiation (grey) is groomed away, resulting in the groomed jet (green).
dimensions, and two-loop cusp anomalous dimension, and the non-global [51] and Abelian
logarithms including clustering effects [52]. While there has been significant progress in the
study of NGLs [53–63], including clustering effects [64–69], we restrict to their contribution
at order α2s, since the higher order terms are numerically irrelevant for our phenomenological
results.
In order to resum the relevant logarithms for soft drop, we perform a joint resum-
mation of logarithms of ∆E and the soft drop groomed jet radius Rg [7, 13]. For these
two variables, we develop a two-dimensional scale-setting technique in order to perform
numerical calculations. Depending on the relative scaling of ∆E and Rg, a different fac-
torization formula is obtained, which are matched before integrating over a range of Rg
or integrating it out completely. For the special case of soft-drop parameter β = 0, the
corresponding cross section is not infrared safe but Sudakov safe [7], and so resummation
is essential to obtain a prediction. Other examples of Sudakov-safe observables include the
soft-drop momentum sharing fraction zg [70], ratios of two angularities [71, 72], and the
jet-pull angle [73–75]. In this work, we extend previous results of the jet energy drop for
soft drop with β = 0 beyond (modified) leading logarithmic accuracy.
The remainder of this paper is organized as follows. In the three subsequent sections 2-
4 we discuss the jet energy drop for the three grooming algorithms: Iterated soft drop, soft
drop, and trimming. In each section, we first introduce the grooming procedure (though
soft drop is already described in sec. 2), and present results at fixed order. We then factorize
the cross section to resum large logarithmic corrections to all orders, and give expressions
for all necessary perturbative ingredients, as well as non-global and clustering logarithms.
In addition, we discuss profile scales and present numerical results for LHC kinematics,
which we compare to Pythia. Note that sec. 2 contains many of the basic ingredients that
are also needed in subsequent sections, such as the collinear factorization for inclusive jet
production. In sec. 5, we draw conclusions and present an outlook.
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2 Iterated soft drop
We start in sec. 2.1 by reviewing the factorization of the inclusive jet cross section in
terms of PDFs, hard functions, and jet functions. This initial step exploits the collimated
nature of jets, but is independent of further details of the jet measurement. It is therefore
the same for the jet energy drop calculation for all three grooming procedures discussed
in this work. In sec. 2.2, we review the (iterated) soft drop algorithm, and we present
results for the corresponding one-loop jet function in sec. 2.3. In sec. 2.4, we discuss the
refactorization of this jet function and resummation of the logarithms of the jet energy
drop ∆E and grooming parameter zcut. In particular, we include results for all relevant
functions at one-loop order, needed for our numerical results at NLL′. Non-global and
clustering logarithms are discussed in sec. 2.5, and sec. 2.6 describes our central scale
choice, as well as the scale variations used to assess the perturbative uncertainty. Finally,
in sec. 2.7 we present numerical studies for LHC kinematics.
2.1 Jet production
We consider generic jet substructure measurements performed on an inclusive jet sample,
as the discussion in this section applies to all jet energy drop observables in this paper. To
achieve factorization, we assume that the jet is collimated, keeping only terms at leading
power in the jet radius R. In many cases it has been observed that the neglected O(R2)
power corrections are numerically small, even for relatively large values of the jet radius
parameter R, see e.g. refs. [76–78]. This allows us to factorize the cross section in terms of
parton distribution functions (PDFs), hard-scattering functions, and jet functions, which
capture the formation and evolution of the observed jet.
The cross section differential in the jet rapidity η and transverse momentum pT and
the energy drop ∆E is given by
dσ
dη dpT d∆E
=
∑
ijk
∫
dxi
xi
fi(xi, µ)
∫
dxj
xj
fj(xj , µ)
∫
dz
z
Hijk(xi, xj , η, pT /z, µ)
× Gk(z,∆E , pTR,µ)
[
1 +O(R2)] . (2.1)
Here the PDFs are denoted by fi,j and we integrate over the momentum fractions xi,j of
the colliding partons with flavor i, j. The hard function Hijk captures the hard scattering
of the incoming partons ij → kX, where we are inclusive over additional hard partons (X).
The hard function depends on the incoming momentum fractions xi,j , the jet rapidity η,
and the partonic transverse momentum pT /z of the final state parton k. It is independent
of the jet algorithm, is the same as for inclusive hadron production, and known analytically
at one loop [76, 79, 80]. The produced parton k subsequently fragments inclusively into the
observed jets, which carry a momentum fraction z and thus have transverse momentum
pT = z×(pT /z). The corresponding dynamics of the formation of inclusive jets is captured
by the jet function Gk, which is convolved with the hard function. The jet function Gk also
accounts for the jet energy drop ∆E , and thus depends on the grooming parameters of the
algorithm under consideration. Since the discussion so far is independent of the specific
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grooming procedure we have omitted dependence on the grooming parameters here, but
will include them when describing specific cases below. As we focus on this jet function
and its refactorization in the remainder of this work, we find it convenient to change the
parton flavor index Gk to Gi from this point on.
The factorization in eq. (2.1) is a generalization of the factorized cross section for
inclusive jet production [81–83]. The characteristic scales of the various ingredients are the
same as for inclusive jet production
µf ∼ ΛQCD , µH ∼ pT , µG ∼ pTR . (2.2)
The resummation of logarithms of the jet radius R = µG/µH is achieved by evolving the
jet function Gi from the jet scale µG to the hard scale µH, using the time-like DGLAP
evolution equation [84–86]
µ
d
dµ
Gi(z,∆E , pTR,µ) =
∑
j
∫ 1
z
dz′
z′
αs
pi
Pji(z/z
′)Gj(z′,∆E , pTR,µ) . (2.3)
The relevant Altarelli-Parisi splitting functions Pji are collected in eq. (A.3).
Integrating the jet function Gi in eq. (2.1) over the jet energy drop variable ∆E , the
semi-inclusive jet function Ji of ref. [82] is obtained∫ 1
0
d∆E Gi(z,∆E , pTR,µ) = Ji(z, pTR,µ) . (2.4)
At next-to-leading order (NLO), it is convenient to rewrite the jet function Gi as
Gi(z,∆E , pTR,µ) = Ji(z, pTR,µ) δ(∆E) + δ(1− z)∆Gi(∆E , pTR,αs(µ)) . (2.5)
At this order, the initial parton splits into at most two other partons. When the two
partons are clustered into separate jets, they contribute to the first term in eq. (2.5), and
∆E = 0. The distribution in ∆E is encoded in the second term, which only receives a
contribution when both partons are inside the jet, so z = 1. In the following sections, we
only report on ∆Gi, which encodes the dependence on the grooming procedure and only
depends on the scale µ through the strong coupling. Using eq. (2.5), we write
Gi(z,∆E , pTR,µ) =
∑
j
Jij(z, pTR,µ)
[
δ(∆E) + ∆Gj
(
∆E , pTR,αs(µ)
)]
+O(α2s)
≡
∑
j
Jij(z, pTR,µ) G˜j
(
∆E , pTR,αs(µ)
)
, (2.6)
conveniently separating the formation process of inclusive jets (Jij) from the grooming and
∆E measurement (G˜i) [81, 87]. Note that eq. (2.6) is not a separation of physics at different
scales. Upon summation over the flavor index j, we recover the semi-inclusive jet function
Ji(z, pTR,µ) =
∑
j
Jij(z, pTR,µ) . (2.7)
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The coefficients Jij are given by [87]
Jqq(z, pTR,µ) = δ(1− z) + αs
2pi
{
ln
( µ2
p2TR
2
)
Pqq(z) (2.8)
+ CF
[
− 2(1 + z2)
( ln(1− z)
1− z
)
+
+
(13
2
− 2pi
2
3
)
δ(1− z)− 1 + z
]}
,
Jqg(z, pTR,µ) =
αs
2pi
[(
ln
( µ2
p2TR
2
)
− 2 ln(1− z)
)
Pgq(z)− CF z
]
,
Jgq(z, pTR,µ) =
αs
2pi
[(
ln
( µ2
p2TR
2
)
− 2 ln(1− z)
)
Pqg(z)− TF 2z(1− z)
]
,
Jgg(z, pTR,µ) = δ(1− z) + αs
2pi
{
ln
( µ2
p2TR
2
)
Pgg(z)
− 4CA(1− z + z
2)2
z
( ln(1− z)
1− z
)
+
+
[
CA
( 5
12
− 2pi
2
3
)
+
23
12
β0
]
δ(1− z)
}
.
2.2 The soft drop grooming algorithm and its variants
We start by reviewing the original soft drop (SD) algorithm, introduced in ref. [7], which
iteratively goes through the clustering history of a jet, eliminating soft branches until the
so-called soft drop criterion is satisfied. First, an inclusive jet sample is identified with
the anti-kT algorithm [88], which clusters particles pairwise according to their geometric
distance in the (η, φ) plane and the inverse square of the transverse momenta (relative
to the beam). The transverse momenta of these jets correspond to the ungroomed jet
pT . Second, each of the obtained jets is reclustered with the Cambridge/Aachen (C/A)
algorithm [89, 90]. Different from anti-kT , the C/A algorithm only depends on the pairwise
geometric distance of particles. Therefore, particles that are closest in distance are clustered
first, yielding an angular-ordered clustering tree. Third, the obtained reclustered C/A
jet is declustered recursively to identify soft branches. At each step of the declustering
procedure, the transverse momenta pT i, i = 1, 2 of the two branches and their relative
distance ∆R12 = ((η1 − η2)2 + (φ1 − φ2)2)1/2 are considered. Whether or not the softer
branch is removed from the jet, depends on the soft drop criterion
min [pT1, pT2]
pT1 + pT2
> zcut
(
∆R12
R
)β
. (2.9)
Here the soft threshold zcut and the angular exponent β are free parameters that specify
the grooming procedure.1 If the branches fail the criterion, i.e. the splitting is too soft, the
softer branch is removed and the declustering sequence continues following the more ener-
getic branch. Once the soft drop criterion is satisfied, the grooming algorithm terminates
and all remaining particles in the two branches constitute the groomed jet. If no branching
satisfies the soft drop criterion, the last single particle is considered to be the groomed jet.
The observable we consider in this work is the relative difference ∆E of the jet energy
or jet transverse momentum before and after grooming, which will be discussed for the
1The case β = 0 corresponds to the modified mass drop tagger (mMDT) [91].
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<latexit sha1_base64="hEKhy+d3h/LzbpPoXUR6kH9RLeM=">AAAB8HicdVDLSgMxFM3UV62 vqks3wSLUzZDU0nZZdOOygn1gO5RMmrahSWZIMkIZ+hcu3Ki49W9c+jemD0FFD1w4nHMv994TxoIbi9CHl1lb39jcym7ndnb39g/yh0ctEyWasiaNRKQ7ITFMcMWallvBOrFmRIaCtcPJ1dxv3zNte KRu7TRmgSQjxYecEuuku2La0xJezuB5P19APqogjDFEfrl6UaoiR3DJSRWIfbRAAazQ6Offe4OIJpIpSwUxpotRbIOUaMupYLNcLzEsJnRCRqzrqCKSmSBdXDyDZ04ZwGGkXSkLF+r3iZRIY6YydJ2 S2LH57c3Fv7xuYoe1IOUqTixTdLlomAhoIzh/Hw64ZtSKqSOEau5uhXRMNKHWheQy+HoU/k9aJR+7YG7KhXptlUYWnIBTUAQYVEEdXIMGaAIKFHgAT+DZ096j9+K9Llsz3mrmGPyA9/YJ3ZqP+g==< /latexit><latexit sha1_base64="hEKhy+d3h/LzbpPoXUR6kH9RLeM=">AAAB8HicdVDLSgMxFM3UV62 vqks3wSLUzZDU0nZZdOOygn1gO5RMmrahSWZIMkIZ+hcu3Ki49W9c+jemD0FFD1w4nHMv994TxoIbi9CHl1lb39jcym7ndnb39g/yh0ctEyWasiaNRKQ7ITFMcMWallvBOrFmRIaCtcPJ1dxv3zNte KRu7TRmgSQjxYecEuuku2La0xJezuB5P19APqogjDFEfrl6UaoiR3DJSRWIfbRAAazQ6Offe4OIJpIpSwUxpotRbIOUaMupYLNcLzEsJnRCRqzrqCKSmSBdXDyDZ04ZwGGkXSkLF+r3iZRIY6YydJ2 S2LH57c3Fv7xuYoe1IOUqTixTdLlomAhoIzh/Hw64ZtSKqSOEau5uhXRMNKHWheQy+HoU/k9aJR+7YG7KhXptlUYWnIBTUAQYVEEdXIMGaAIKFHgAT+DZ096j9+K9Llsz3mrmGPyA9/YJ3ZqP+g==< /latexit><latexit sha1_base64="hEKhy+d3h/LzbpPoXUR6kH9RLeM=">AAAB8HicdVDLSgMxFM3UV62 vqks3wSLUzZDU0nZZdOOygn1gO5RMmrahSWZIMkIZ+hcu3Ki49W9c+jemD0FFD1w4nHMv994TxoIbi9CHl1lb39jcym7ndnb39g/yh0ctEyWasiaNRKQ7ITFMcMWallvBOrFmRIaCtcPJ1dxv3zNte KRu7TRmgSQjxYecEuuku2La0xJezuB5P19APqogjDFEfrl6UaoiR3DJSRWIfbRAAazQ6Offe4OIJpIpSwUxpotRbIOUaMupYLNcLzEsJnRCRqzrqCKSmSBdXDyDZ04ZwGGkXSkLF+r3iZRIY6YydJ2 S2LH57c3Fv7xuYoe1IOUqTixTdLlomAhoIzh/Hw64ZtSKqSOEau5uhXRMNKHWheQy+HoU/k9aJR+7YG7KhXptlUYWnIBTUAQYVEEdXIMGaAIKFHgAT+DZ096j9+K9Llsz3mrmGPyA9/YJ3ZqP+g==< /latexit><latexit sha1_base64="hEKhy+d3h/LzbpPoXUR6kH9RLeM=">AAAB8HicdVDLSgMxFM3UV62 vqks3wSLUzZDU0nZZdOOygn1gO5RMmrahSWZIMkIZ+hcu3Ki49W9c+jemD0FFD1w4nHMv994TxoIbi9CHl1lb39jcym7ndnb39g/yh0ctEyWasiaNRKQ7ITFMcMWallvBOrFmRIaCtcPJ1dxv3zNte KRu7TRmgSQjxYecEuuku2La0xJezuB5P19APqogjDFEfrl6UaoiR3DJSRWIfbRAAazQ6Offe4OIJpIpSwUxpotRbIOUaMupYLNcLzEsJnRCRqzrqCKSmSBdXDyDZ04ZwGGkXSkLF+r3iZRIY6YydJ2 S2LH57c3Fv7xuYoe1IOUqTixTdLlomAhoIzh/Hw64ZtSKqSOEau5uhXRMNKHWheQy+HoU/k9aJR+7YG7KhXptlUYWnIBTUAQYVEEdXIMGaAIKFHgAT+DZ096j9+K9Llsz3mrmGPyA9/YJ3ZqP+g==< /latexit>
(D)
<latexit sha1_base64="UFRFZ2FO6+uhZA6MMWbcsS8/T6Y=">AAAB73icdVDLSgMxFM34rPV VdekmWIS6GZJa2i4LunBZwT6kHUomTdvQJDMmGaEM/QoXblTc+jku/RvTh6CiBy4czrmXe+8JY8GNRejDW1ldW9/YzGxlt3d29/ZzB4dNEyWasgaNRKTbITFMcMUallvB2rFmRIaCtcLxxcxv3TNte KRu7CRmgSRDxQecEuuk20La1RJeTs96uTzyURlhjCHyS5XzYgU5gotOKkPsoznyYIl6L/fe7Uc0kUxZKogxHYxiG6REW04Fm2a7iWExoWMyZB1HFZHMBOn84Ck8dUofDiLtSlk4V79PpEQaM5Gh65T Ejsxvbyb+5XUSO6gGKVdxYpmii0WDREAbwdn3sM81o1ZMHCFUc3crpCOiCbUuI5fB16Pwf9Is+tgFc13K16rLNDLgGJyAAsCgAmrgCtRBA1AgwQN4As/enffovXivi9YVbzlzBH7Ae/sEiHSP0g==< /latexit><latexit sha1_base64="UFRFZ2FO6+uhZA6MMWbcsS8/T6Y=">AAAB73icdVDLSgMxFM34rPV VdekmWIS6GZJa2i4LunBZwT6kHUomTdvQJDMmGaEM/QoXblTc+jku/RvTh6CiBy4czrmXe+8JY8GNRejDW1ldW9/YzGxlt3d29/ZzB4dNEyWasgaNRKTbITFMcMUallvB2rFmRIaCtcLxxcxv3TNte KRu7CRmgSRDxQecEuuk20La1RJeTs96uTzyURlhjCHyS5XzYgU5gotOKkPsoznyYIl6L/fe7Uc0kUxZKogxHYxiG6REW04Fm2a7iWExoWMyZB1HFZHMBOn84Ck8dUofDiLtSlk4V79PpEQaM5Gh65T Ejsxvbyb+5XUSO6gGKVdxYpmii0WDREAbwdn3sM81o1ZMHCFUc3crpCOiCbUuI5fB16Pwf9Is+tgFc13K16rLNDLgGJyAAsCgAmrgCtRBA1AgwQN4As/enffovXivi9YVbzlzBH7Ae/sEiHSP0g==< /latexit><latexit sha1_base64="UFRFZ2FO6+uhZA6MMWbcsS8/T6Y=">AAAB73icdVDLSgMxFM34rPV VdekmWIS6GZJa2i4LunBZwT6kHUomTdvQJDMmGaEM/QoXblTc+jku/RvTh6CiBy4czrmXe+8JY8GNRejDW1ldW9/YzGxlt3d29/ZzB4dNEyWasgaNRKTbITFMcMUallvB2rFmRIaCtcLxxcxv3TNte KRu7CRmgSRDxQecEuuk20La1RJeTs96uTzyURlhjCHyS5XzYgU5gotOKkPsoznyYIl6L/fe7Uc0kUxZKogxHYxiG6REW04Fm2a7iWExoWMyZB1HFZHMBOn84Ck8dUofDiLtSlk4V79PpEQaM5Gh65T Ejsxvbyb+5XUSO6gGKVdxYpmii0WDREAbwdn3sM81o1ZMHCFUc3crpCOiCbUuI5fB16Pwf9Is+tgFc13K16rLNDLgGJyAAsCgAmrgCtRBA1AgwQN4As/enffovXivi9YVbzlzBH7Ae/sEiHSP0g==< /latexit><latexit sha1_base64="UFRFZ2FO6+uhZA6MMWbcsS8/T6Y=">AAAB73icdVDLSgMxFM34rPV VdekmWIS6GZJa2i4LunBZwT6kHUomTdvQJDMmGaEM/QoXblTc+jku/RvTh6CiBy4czrmXe+8JY8GNRejDW1ldW9/YzGxlt3d29/ZzB4dNEyWasgaNRKTbITFMcMUallvB2rFmRIaCtcLxxcxv3TNte KRu7CRmgSRDxQecEuuk20La1RJeTs96uTzyURlhjCHyS5XzYgU5gotOKkPsoznyYIl6L/fe7Uc0kUxZKogxHYxiG6REW04Fm2a7iWExoWMyZB1HFZHMBOn84Ck8dUofDiLtSlk4V79PpEQaM5Gh65T Ejsxvbyb+5XUSO6gGKVdxYpmii0WDREAbwdn3sM81o1ZMHCFUc3crpCOiCbUuI5fB16Pwf9Is+tgFc13K16rLNDLgGJyAAsCgAmrgCtRBA1AgwQN4As/enffovXivi9YVbzlzBH7Ae/sEiHSP0g==< /latexit>
Rg
<latexit sha1_base64="xO489AHCmHspyMWUIxLrzGPuyIk=">AAAB6XicbVBNS8NAEJ3Ur1q /qh69LBbBU0lEsMeCF4/1ox/QhrLZbtKlm03YnQgl9Cd48KLi1V/k0X/jts1Bqw8GHu/NMDMvSKUw6LpfTmltfWNzq7xd2dnd2z+oHh51TJJpxtsskYnuBdRwKRRvo0DJe6nmNA4k7waT67nffeTai EQ94DTlfkwjJULBKFrp/m4YDas1t+4uQP4SryA1KNAaVj8Ho4RlMVfIJDWm77kp+jnVKJjks8ogMzylbEIj3rdU0ZgbP1+cOiNnVhmRMNG2FJKF+nMip7Ex0ziwnTHFsVn15uJ/Xj/DsOHnQqUZcsW Wi8JMEkzI/G8yEpozlFNLKNPC3krYmGrK0KZjM/BWP/5LOhd1z617t5e1ZqNIowwncArn4MEVNOEGWtAGBhE8wQu8OhPn2Xlz3petJaeYOYZfcD6+AZ0bjZY=</latexit><latexit sha1_base64="xO489AHCmHspyMWUIxLrzGPuyIk=">AAAB6XicbVBNS8NAEJ3Ur1q /qh69LBbBU0lEsMeCF4/1ox/QhrLZbtKlm03YnQgl9Cd48KLi1V/k0X/jts1Bqw8GHu/NMDMvSKUw6LpfTmltfWNzq7xd2dnd2z+oHh51TJJpxtsskYnuBdRwKRRvo0DJe6nmNA4k7waT67nffeTai EQ94DTlfkwjJULBKFrp/m4YDas1t+4uQP4SryA1KNAaVj8Ho4RlMVfIJDWm77kp+jnVKJjks8ogMzylbEIj3rdU0ZgbP1+cOiNnVhmRMNG2FJKF+nMip7Ex0ziwnTHFsVn15uJ/Xj/DsOHnQqUZcsW Wi8JMEkzI/G8yEpozlFNLKNPC3krYmGrK0KZjM/BWP/5LOhd1z617t5e1ZqNIowwncArn4MEVNOEGWtAGBhE8wQu8OhPn2Xlz3petJaeYOYZfcD6+AZ0bjZY=</latexit><latexit sha1_base64="xO489AHCmHspyMWUIxLrzGPuyIk=">AAAB6XicbVBNS8NAEJ3Ur1q /qh69LBbBU0lEsMeCF4/1ox/QhrLZbtKlm03YnQgl9Cd48KLi1V/k0X/jts1Bqw8GHu/NMDMvSKUw6LpfTmltfWNzq7xd2dnd2z+oHh51TJJpxtsskYnuBdRwKRRvo0DJe6nmNA4k7waT67nffeTai EQ94DTlfkwjJULBKFrp/m4YDas1t+4uQP4SryA1KNAaVj8Ho4RlMVfIJDWm77kp+jnVKJjks8ogMzylbEIj3rdU0ZgbP1+cOiNnVhmRMNG2FJKF+nMip7Ex0ziwnTHFsVn15uJ/Xj/DsOHnQqUZcsW Wi8JMEkzI/G8yEpozlFNLKNPC3krYmGrK0KZjM/BWP/5LOhd1z617t5e1ZqNIowwncArn4MEVNOEGWtAGBhE8wQu8OhPn2Xlz3petJaeYOYZfcD6+AZ0bjZY=</latexit><latexit sha1_base64="xO489AHCmHspyMWUIxLrzGPuyIk=">AAAB6XicbVBNS8NAEJ3Ur1q /qh69LBbBU0lEsMeCF4/1ox/QhrLZbtKlm03YnQgl9Cd48KLi1V/k0X/jts1Bqw8GHu/NMDMvSKUw6LpfTmltfWNzq7xd2dnd2z+oHh51TJJpxtsskYnuBdRwKRRvo0DJe6nmNA4k7waT67nffeTai EQ94DTlfkwjJULBKFrp/m4YDas1t+4uQP4SryA1KNAaVj8Ho4RlMVfIJDWm77kp+jnVKJjks8ogMzylbEIj3rdU0ZgbP1+cOiNnVhmRMNG2FJKF+nMip7Ex0ziwnTHFsVn15uJ/Xj/DsOHnQqUZcsW Wi8JMEkzI/G8yEpozlFNLKNPC3krYmGrK0KZjM/BWP/5LOhd1z617t5e1ZqNIowwncArn4MEVNOEGWtAGBhE8wQu8OhPn2Xlz3petJaeYOYZfcD6+AZ0bjZY=</latexit>
Passes SD condition
<latexit sha1_base64="E5obcAcN86wrv1LJrhIL2JWhKXw=">AA ACAnicdVDLSgMxFM34flt1p5tgEVwNGV91dqIuXFa0KrSlZNJbDc1khuSOWIaCC7/FhRsVt/6ES//GtFZQ0QOBwzn33nBOlCppkbF3b2h4 ZHRsfGJyanpmdm6+sLB4ZpPMCKiIRCXmIuIWlNRQQYkKLlIDPI4UnEftg55/fg3GykSfYieFeswvtWxJwdFJjcJyDeEG8zK3Fiw9OaQi0U 3Z87qNQpH5rFTaDLcp87dYGG4wR1i4s8tCGvisjyIZoNwovNWaichi0CiUO1gNWIr1nBuUQkF3qpZZSLlo80uoOqp5DLae9zN06ZpTmrSV GPc00r76fSPnsbWdOHKTMccr+9vriX951Qxbu/Vc6jRD0OLzo1amKCa0VwhtSgMCVccRLoyLLqi44oYLdLW5Dr6C0v/J2YYfMD843iru7Q /amCArZJWsk4CUyB45ImVSIYLcknvySJ68O+/Be/ZePkeHvMHOEvkB7/UDGAqYHA==</latexit><latexit sha1_base64="E5obcAcN86wrv1LJrhIL2JWhKXw=">AA ACAnicdVDLSgMxFM34flt1p5tgEVwNGV91dqIuXFa0KrSlZNJbDc1khuSOWIaCC7/FhRsVt/6ES//GtFZQ0QOBwzn33nBOlCppkbF3b2h4 ZHRsfGJyanpmdm6+sLB4ZpPMCKiIRCXmIuIWlNRQQYkKLlIDPI4UnEftg55/fg3GykSfYieFeswvtWxJwdFJjcJyDeEG8zK3Fiw9OaQi0U 3Z87qNQpH5rFTaDLcp87dYGG4wR1i4s8tCGvisjyIZoNwovNWaichi0CiUO1gNWIr1nBuUQkF3qpZZSLlo80uoOqp5DLae9zN06ZpTmrSV GPc00r76fSPnsbWdOHKTMccr+9vriX951Qxbu/Vc6jRD0OLzo1amKCa0VwhtSgMCVccRLoyLLqi44oYLdLW5Dr6C0v/J2YYfMD843iru7Q /amCArZJWsk4CUyB45ImVSIYLcknvySJ68O+/Be/ZePkeHvMHOEvkB7/UDGAqYHA==</latexit><latexit sha1_base64="E5obcAcN86wrv1LJrhIL2JWhKXw=">AA ACAnicdVDLSgMxFM34flt1p5tgEVwNGV91dqIuXFa0KrSlZNJbDc1khuSOWIaCC7/FhRsVt/6ES//GtFZQ0QOBwzn33nBOlCppkbF3b2h4 ZHRsfGJyanpmdm6+sLB4ZpPMCKiIRCXmIuIWlNRQQYkKLlIDPI4UnEftg55/fg3GykSfYieFeswvtWxJwdFJjcJyDeEG8zK3Fiw9OaQi0U 3Z87qNQpH5rFTaDLcp87dYGG4wR1i4s8tCGvisjyIZoNwovNWaichi0CiUO1gNWIr1nBuUQkF3qpZZSLlo80uoOqp5DLae9zN06ZpTmrSV GPc00r76fSPnsbWdOHKTMccr+9vriX951Qxbu/Vc6jRD0OLzo1amKCa0VwhtSgMCVccRLoyLLqi44oYLdLW5Dr6C0v/J2YYfMD843iru7Q /amCArZJWsk4CUyB45ImVSIYLcknvySJ68O+/Be/ZePkeHvMHOEvkB7/UDGAqYHA==</latexit><latexit sha1_base64="E5obcAcN86wrv1LJrhIL2JWhKXw=">AA ACAnicdVDLSgMxFM34flt1p5tgEVwNGV91dqIuXFa0KrSlZNJbDc1khuSOWIaCC7/FhRsVt/6ES//GtFZQ0QOBwzn33nBOlCppkbF3b2h4 ZHRsfGJyanpmdm6+sLB4ZpPMCKiIRCXmIuIWlNRQQYkKLlIDPI4UnEftg55/fg3GykSfYieFeswvtWxJwdFJjcJyDeEG8zK3Fiw9OaQi0U 3Z87qNQpH5rFTaDLcp87dYGG4wR1i4s8tCGvisjyIZoNwovNWaichi0CiUO1gNWIr1nBuUQkF3qpZZSLlo80uoOqp5DLae9zN06ZpTmrSV GPc00r76fSPnsbWdOHKTMccr+9vriX951Qxbu/Vc6jRD0OLzo1amKCa0VwhtSgMCVccRLoyLLqi44oYLdLW5Dr6C0v/J2YYfMD843iru7Q /amCArZJWsk4CUyB45ImVSIYLcknvySJ68O+/Be/ZePkeHvMHOEvkB7/UDGAqYHA==</latexit>
Fails SD condition
<latexit sha1_base64="1oAMhm43vPPHLd4Gmlh59lzvm9M=">A AACAXicdVBNSwMxFMz6WevXqifxEiyCpyVri9WbqIjHilaFdinZNNXQbHZJ3oplKR78LR68qHj1V3j035htK6jowINh5j0eM2EihQFCPpy x8YnJqenCTHF2bn5h0V1aPjdxqhmvs1jG+jKkhkuheB0ESH6ZaE6jUPKLsHuQ+xc3XBsRqzPoJTyI6JUSHcEoWKnlrjaB30J2RIU0+PQQs 1i1RW71W26JeNUy8YmPiUeqxN/ezUl5p1ypYN8jA5TQCLWW+95sxyyNuAImqTENnyQQZFSDYJL3i83U8ISyLr3iDUsVjbgJskGEPt6wSht 3Ym1HAR6o3y8yGhnTi0K7GVG4Nr+9XPzLa6TQ2QkyoZIUuGLDR51UYohx3gduC80ZyJ4llGkbnWF2TTVlYFuzHXwFxf+T8y3PJ55/Uint 7Y/aKKA1tI42kY+qaA8doxqqI4bu0AN6Qs/OvfPovDivw9UxZ3Szgn7AefsE+caXdA==</latexit><latexit sha1_base64="1oAMhm43vPPHLd4Gmlh59lzvm9M=">A AACAXicdVBNSwMxFMz6WevXqifxEiyCpyVri9WbqIjHilaFdinZNNXQbHZJ3oplKR78LR68qHj1V3j035htK6jowINh5j0eM2EihQFCPpy x8YnJqenCTHF2bn5h0V1aPjdxqhmvs1jG+jKkhkuheB0ESH6ZaE6jUPKLsHuQ+xc3XBsRqzPoJTyI6JUSHcEoWKnlrjaB30J2RIU0+PQQs 1i1RW71W26JeNUy8YmPiUeqxN/ezUl5p1ypYN8jA5TQCLWW+95sxyyNuAImqTENnyQQZFSDYJL3i83U8ISyLr3iDUsVjbgJskGEPt6wSht 3Ym1HAR6o3y8yGhnTi0K7GVG4Nr+9XPzLa6TQ2QkyoZIUuGLDR51UYohx3gduC80ZyJ4llGkbnWF2TTVlYFuzHXwFxf+T8y3PJ55/Uint 7Y/aKKA1tI42kY+qaA8doxqqI4bu0AN6Qs/OvfPovDivw9UxZ3Szgn7AefsE+caXdA==</latexit><latexit sha1_base64="1oAMhm43vPPHLd4Gmlh59lzvm9M=">A AACAXicdVBNSwMxFMz6WevXqifxEiyCpyVri9WbqIjHilaFdinZNNXQbHZJ3oplKR78LR68qHj1V3j035htK6jowINh5j0eM2EihQFCPpy x8YnJqenCTHF2bn5h0V1aPjdxqhmvs1jG+jKkhkuheB0ESH6ZaE6jUPKLsHuQ+xc3XBsRqzPoJTyI6JUSHcEoWKnlrjaB30J2RIU0+PQQs 1i1RW71W26JeNUy8YmPiUeqxN/ezUl5p1ypYN8jA5TQCLWW+95sxyyNuAImqTENnyQQZFSDYJL3i83U8ISyLr3iDUsVjbgJskGEPt6wSht 3Ym1HAR6o3y8yGhnTi0K7GVG4Nr+9XPzLa6TQ2QkyoZIUuGLDR51UYohx3gduC80ZyJ4llGkbnWF2TTVlYFuzHXwFxf+T8y3PJ55/Uint 7Y/aKKA1tI42kY+qaA8doxqqI4bu0AN6Qs/OvfPovDivw9UxZ3Szgn7AefsE+caXdA==</latexit><latexit sha1_base64="1oAMhm43vPPHLd4Gmlh59lzvm9M=">A AACAXicdVBNSwMxFMz6WevXqifxEiyCpyVri9WbqIjHilaFdinZNNXQbHZJ3oplKR78LR68qHj1V3j035htK6jowINh5j0eM2EihQFCPpy x8YnJqenCTHF2bn5h0V1aPjdxqhmvs1jG+jKkhkuheB0ESH6ZaE6jUPKLsHuQ+xc3XBsRqzPoJTyI6JUSHcEoWKnlrjaB30J2RIU0+PQQs 1i1RW71W26JeNUy8YmPiUeqxN/ezUl5p1ypYN8jA5TQCLWW+95sxyyNuAImqTENnyQQZFSDYJL3i83U8ISyLr3iDUsVjbgJskGEPt6wSht 3Ym1HAR6o3y8yGhnTi0K7GVG4Nr+9XPzLa6TQ2QkyoZIUuGLDR51UYohx3gduC80ZyJ4llGkbnWF2TTVlYFuzHXwFxf+T8y3PJ55/Uint 7Y/aKKA1tI42kY+qaA8doxqqI4bu0AN6Qs/OvfPovDivw9UxZ3Szgn7AefsE+caXdA==</latexit>
Figure 2. Illustration of the (iterated) soft drop grooming algorithm. Branches along the most
energetic branch (black) are tested against the soft drop condition, starting from the left. The reg-
ular soft drop algorithm terminates when the first branch, here (B), passes the soft drop condition,
which defines the soft drop groomed radius Rg. Instead, iterated soft drop continues testing all
branches at smaller angular scales, here (C), (D), where (C) is also groomed away in this example.
The dotted lines correspond to branchings that are not tested against the soft drop condition in
either case.
original soft drop algorithm in section 3. The factorization and resummation of ∆E involve
the groomed jet radius Rg, which is the geometric distance between the two branches that
satisfy the soft drop criterion, Rg ≡ ∆R12. For convenience, we often use the normalized
groomed jet radius θg ≡ Rg/R.
In this section we consider ∆E for the iterated soft drop (ISD) algorithm [8]. This
differs from the original soft drop by continuing with the grooming procedure, following
the more energetic branch after the soft drop condition is satisfied2. This continues until
only one particle is left and, thus, the entire jet is declustered. The groomed jet is then
given by all particles that are contained in branches that satisfy the soft drop condition
along the way. In the remainder of this section, we present a calculation of the cross section
differential in ∆E for this grooming algorithm. See fig. 2 for an illustration of regular and
iterated soft drop.
2.3 Fixed-order results
When the jet energy drop ∆E and the grooming parameter zcut are not parametrically
small, i.e. ∆E , zcut are both order one, a fixed-order calculation of the relevant jet function
∆GISDi is sufficient, which we present here. In sec. 2.4, we will consider the case where
they are parametrically small and lead to large logarithms in the jet function, requiring
resummation.
To calculate the jet function ∆GISDi , we can use the squared matrix element and the
2Alternatively, both branches can be followed, which is known as recursive soft drop [9], and will not be
considered in this paper.
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phase space in the collinear limit [92]∫
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] ∫
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,
(2.10)∫
dΦ2 σ
c
2,g =
αs
pi
eγE
Γ(1− )
( µ
E
)2 ∫ 1
0
dx
(x(1− x))2
{
CA
[ x
1− x +
1− x
x
+ x(1− x)
]
+ nfTF
[
x2 + (1− x)2 − 2 x(1− x)
]}∫ dθ
θ1+2
, (2.11)
where θ is the angle between the two partons and E is the energy of the parton initiating
the jet.3 The one-loop jet function for soft drop and iterated soft drop identical. However,
differences appear at higher orders, leading to rather different factorization structures. The
measurement function for the jet function for (iterated) soft drop is given by
∆GISDi (∆E , pTR, zcut, β, αs(µ))
=
∫
dΦ2 σ
c
2,iΘ (θ < R)
[
Θ
(
x > zcut(θ/R)
β
)
Θ
(
1− x > zcut(θ/R)β
)
δ(∆E)
+ Θ
(
x > zcut(θ/R)
β
)
Θ
(
1− x < zcut(θ/R)β
)
δ(∆E − (1− x))
+ Θ
(
x < zcut(θ/R)
β
)
Θ
(
1− x > zcut(θ/R)β
)
δ(∆E − x)− δ(∆E)
]
. (2.12)
The last term subtracts the semi-inclusive jet function, as required for ∆GISDi , see eq. (2.5).
Performing the integrals and expanding in distributions, we find for quark and gluon jets
the following results
∆GISDq (∆E , pTR, zcut, β, αs(µ))
=
αsCF
pi
1
β
{
Θ(∆E < zcut)
[
− 2
[
ln ∆E
∆E
]
+
+ 2 ln zcut
1
[∆E ]+
+
(
3− 2
1−∆E
)
ln
(∆E
zcut
)]
+ δ(∆E)
[− ln2 zcut + 3zcut − 2Li2(zcut)]} , (2.13)
∆GISDg (∆E , pTR, zcut, β, αs(µ))
=
αs
pi
1
β
{
Θ(∆E < zcut)
(
− 2CA
[
ln ∆E
∆E
]
+
+ 2CA ln zcut
1
[∆E ]+
−
[
2CA
(
1
1−∆E − 2 + ∆E −∆
2
E
)
+ 2nfTF
(
∆2E + (1−∆E)2
) ]
ln
(∆E
zcut
))
+ δ(∆E)
[
CA
(
− ln2 zcut + 4zcut − z
2
cut
2
+
2
9
z3cut − 2Li2(zcut)
)
+ nfTF
(
−zcut + z2cut −
4
9
z3cut
)]}
. (2.14)
3For a jet at central rapidity E = pT and the distance in (η, φ) corresponds (approximately) to an angle.
Boost invariance implies that our calculation is valid for general rapidity.
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Figure 3. Comparison of the full one-loop result for jet function for iterated soft drop ∆GISDi (solid
red), its singular (dashed blue) and non-singular terms (dotted green), for jets initiated by quarks
(left) and gluons (right).
From eq. (2.13) we read off that the jet energy drop is bounded by ∆E < zcut at NLO.
Note that by construction (see eq. (2.6)) we have∫ 1
0
d∆E ∆GISDi (∆E , pTR, zcut, β, αs(µ)) = 0 . (2.15)
As a consistency check, we investigate several limits of the grooming parameters. First,
we consider the limit β →∞. As can be seen from eq. (2.13), the entire jet function ∆GISDi
is proportional to 1/β and vanishes in this limit. Indeed, for β →∞ the soft drop condition
in eq. (2.9) is always trivially satisfied and no branches are removed from the jet. Second,
since ∆GISDi is proportional to 1/β we cannot take the limit β → 0 at fixed order. Indeed,
for iterated soft drop, the jet energy drop with β = 0 is not IRC safe. For regular soft
drop the case β = 0 is still Sudakov safe, as discussed in section 3.4. Third, we consider
the limit zcut → 0, which (similar to β → ∞) corresponds to the limit of no grooming.
To see more clearly that ∆GISDi also vanishes in this limit, we rewrite it as follows: The
plus distributions in eq. (2.13) are defined such that they vanish when integrated over the
interval 0 < ∆E < 1. We can rewrite these distributions such that they instead vanish
when integrating over the interval 0 < ∆E < zcut of the theta function that multiplies the
distributions, which we indicate by the subscript Θ+. For example, for the quark case this
yields
∆GISDq =
αsCF
pi
1
β
{
Θ(∆E < zcut)
[
− 2
[
ln ∆E
∆E
]
Θ+
+ 2 ln zcut
1
[∆E ]Θ+
+
(
3− 2
1−∆E
)
ln
(
∆E
zcut
)]
+ δ(∆E) [3zcut − 2Li2(zcut)]
}
, (2.16)
and similarly for the gluon, making it clear that ∆GISDi vanishes in the limit zcut → 0.
We end this section by comparing the singular terms, obtained by expanding ∆GISDi
in the limit ∆E  zcut  1, to the full NLO expression of |∆GISDi |, shown in fig. 3. We
chose representative values of the soft-drop parameters and jet kinematics, indicated in
the figure. We observe that the non-singular power corrections are very small compared to
– 9 –
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Figure 4. Lund diagram for the jet energy drop ∆E for iterative soft drop grooming, with ∆E 
zcut  1. At LL accuracy, emissions in the shaded triangle are vetoed. The relevant modes in SCET
correspond to the red dots at the corners of the triangle, with their power counting summarized in
table 1.
logarithmically enhanced or singular terms at NLO over the entire range of ∆E , suggesting
the importance of all-order resummation, which is discussed in the next section. Because
the nonsingular is so small, we do not include it as a matching correction, since its impact
on our results is negligible.
2.4 Factorization and resummation
In this section we discuss the refactorization of the jet function for iterated soft drop, which
will enable the resummation of the logarithms of the jet energy drop ∆E and grooming
parameter zcut. Typically zcut = 0.1 (we will consider larger values as well), so we assume
the parametric scaling ∆E  zcut  1. We start with a leading logarithmic (LL) analysis
of the jet energy drop, by analyzing the Lund diagram [93] shown in fig. 4. By using
the logarithm of the angle θ and momentum fraction z on the horizontal and vertical
axis, emissions have a uniform probability distribution in this plane at LL accuracy. The
grooming condition and the measurement are indicated by the two dashed lines. For
the cross section with jet energy drop below some value ∆E , emissions inside the shaded
triangular area in the Lund plane are not allowed. Such emissions are not groomed away
and therefore lead to a value of the jet energy drop that is larger than ∆E . Here it is
important to note that for iterated soft drop all branches along the leading branch are
tested against the soft drop condition, whereas the original soft drop terminates once the
criterion in eq. (2.9) is met. From the area of the vetoed region we can calculate the LL
expression for the cross section cumulative in ∆E , from which we obtain the differential
result by taking the derivative:
G˜ISDi
(
∆E , pTR, zcut, β, αs(µ)
) LL
=
d
d∆E
exp
[
−αsCi
pi
1
β
ln2
(
zcut
∆E
)]
. (2.17)
The color factors are Cq = CF (Cg = CA) for jets initiated by a quark (gluon).
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Mode: Function: Scaling (n · p, n¯ · p, p⊥)
soft SG zcut pT (R
2, 1, R)
soft SZ ∆E pT (R
2, 1, R)
collinear-soft S˜X ∆E pT
((
∆E
zcut
)2/β
R2, 1,
(
∆E
zcut
)1/β
R
)
Table 1. The modes in SCET that enter in the refactorization of the jet function G˜ISDi for the jet
energy drop with iterated soft drop, with ∆E  zcut  1.
We will now extend the resummation to NLL′ accuracy using SCET. The power count-
ing of the relevant modes in the effective theory can be read off from the Lund diagram, and
correspond to the red dots at the corners of the triangle. There are two soft modes SZ and
SG located on the vertical axis, which are sensitive to the jet boundary as well as the energy
drop and grooming condition, respectively. In addition, there is a collinear-soft [94, 95]
mode S˜X , located at the intersection (hence the subscript X) of the two dashed lines rep-
resenting the measurement and the grooming condition, which it is therefore sensitive to.
We note that for iterated soft drop there is no hard mode, which would correspond to the
origin of the Lund diagram, in contrast to most jet substructure observables. Physically,
this arises because energy drop with zcut  1 only probes (collinear-)soft radiation. The
relevant scaling of the three modes is summarized in table 1, in terms of the light-cone
components of their momenta,
pµ = n¯·p n
µ
2
+ n·p n¯
µ
2
+ pµ⊥ , (2.18)
where nµ = (1, 0, 0, 1) is along the jet axis, n¯µ = (1, 0, 0,−1), and pµ⊥ denotes the transverse
components. This leads to the following factorization formula for G˜ISDi ,
G˜ISDi
(
∆E , pTR, zcut, β, αs(µ)
) NLL′
= Si,G(zcutpTR, β, µ)
∫
d∆′E Si,Z(∆
′
E , pTR,µ) (2.19)
× S˜i,X(∆E −∆′E , z−1/βcut pTR, β, µ)SNGi
(
∆E
zcut
)
.
To achieve NLL′ accuracy, we also include the contribution from non-global logarithms,
which are accounted for by the non-global function SNGi , discussed in sec. 2.5. Strictly
speaking, the NGLs should also be included through a convolution in ∆E , but the difference
with the multiplicative treatment above is beyond the accuracy we are working at, see
sec. 2.4 of ref. [87].
The one-loop expressions for other three functions in eq. (2.19) are given by
Si,G(zcutpTR, β, µ) = 1 +
αsCi
pi(1 + β)
{
− ln2
(
µ
zcutpTR
)
+
pi2
24
}
, (2.20)
Si,Z(∆E , pTR,µ) = δ(∆E) +
αsCi
pi
{
2
[
ln ∆E
∆E
]
+
− 2
[∆E ]+
ln
(
µ
pTR
)
+ δ(∆E)
[
ln2
(
µ
pTR
)
− pi
2
24
]}
, (2.21)
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S˜i,X(∆E , z−1/βcut pTR, β, µ) = δ(∆E) +
αsCi
pi
{
− 21 + β
β
[
ln ∆E
∆E
]
+
+
2
[∆E ]+
ln
(
µ
z
−1/β
cut pTR
)
+ δ(∆E)
β
1 + β
[
− ln2
(
µ
z
−1/β
cut pTR
)
+
pi2
24
]}
. (2.22)
We limited ourselves to reporting only the finite terms of the different functions, as the 1/
poles can be reconstructed from the lnµ terms. We have verified that all lnµ terms cancel
in eq. (2.19), and that the remainder agrees with the NLO result in eq. (2.13) in the limit
∆E  zcut  1, providing a check on the refactorization.
The natural scale of each mode is given by its virtuality. Reading off from table 1,
µSG ∼ zcutpTR , µSZ ∼ ∆E pTR , µS˜X ∼ ∆
(1+β)/β
E z
−1/β
cut pTR . (2.23)
By evaluating each function in eq. (2.19) at its natural scale, and evolving them to a
common scale µ through renormalization group (RG) equations, we achieve the joint re-
summation of logarithms of ∆E and zcut. The RG equations are given by
µ
d
dµ
Si,G(zcutpTR, β, µ) = γ
SG
i (zcutpTR, β, µ)Si,G(zcutpTR, β, µ) , (2.24)
µ
d
dµ
Si,Z(∆E , pTR,µ) =
∫
d∆′E γ
SZ
i (∆E −∆′E , pTR,µ)Si,Z(∆′E , pTR,µ) ,
(2.25)
µ
d
dµ
S˜i,X(∆E , z−1/βcut pTR, β, µ) =
∫
d∆′E γ
S˜X
i (∆E −∆′E , z−1/βcut pTR, β, µ)
× S˜i,X(∆′E , z−1/βcut pTR, β, µ) , (2.26)
where the corresponding anomalous dimensions can be found in the appendix A.
Next we discuss in some detail how we solve the different evolution equations, as similar
techniques will be employed for the other grooming techniques discussed in subsequent sec-
tion. Evolving the function Si,G from initial scale µ0 to the scale µ, using the multiplicative
RG equation in eq. (2.20),
Si,G(zcutpTR, β, µ) = Ui,SG(zcutpTR, β, µ, µ0)Si,G(zcutpTR, β, µ0) ,
Ui,SG(zcutpTR, β, µ, µ0) = e
− 2
1+β
Ki(µ,µ0)
(
µ0
zcutpTR
)− 2
1+β
ηi(µ,µ0)
. (2.27)
The two functions K and η are given by
Ki(µ, µ0) =
∫ αs(µ)
αs(µ0)
dα
β(α)
Γi(α)
∫ α
αs(µ0)
dα′
β(α′)
, (2.28)
ηi(µ, µ0) =
∫ αs(µ)
αs(µ0)
dα
β(α)
Γi(α) , (2.29)
following the convention of refs. [96, 97]. Here, β(α) is the QCD beta function and Γi is
the cusp anomalous dimension, which allow for a perturbative expansion
β(αs) = −2αs
∞∑
n=0
βn
(αs
4pi
)n+1
, Γicusp (αs) =
∞∑
n=0
Γin
(αs
4pi
)n+1
. (2.30)
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Fixed-order β γ NGLs
lnR LL tree 1-loop 1-loop -
NLL 1-loop 2-loop 2-loop -
NNLL 2-loop 3-loop 3-loop -
ln ∆E , ln zcut LL tree 1-loop 1-loop -
NLL tree 2-loop 2-loop LL
NLL′ 1-loop 2-loop 2-loop LL
NNLL 1-loop 3-loop 3-loop NLL
Table 2. The required perturbative ingredients needed at different orders (rows) for the resumma-
tion of logarithms of the jet radius R, jet energy drop ∆E and grooming parameter zcut for iterated
soft drop. The columns indicate the order of fixed-order ingredients in the factorization, the QCD
beta function β, the anomalous dimension γ and NGLs.
The relevant coefficients βi and Γi are given in eqs. (A.1) and (A.2). We evaluate the
integrals in eq. (2.28) and eq. (2.29) up to NLL accuracy
K(µ0, µ) = − Γ0
4β20
[
4pi
αs(µ0)
(
1− 1
r
− ln r
)
+
(
Γ1
Γ0
− β1
β0
)
(1− r + ln r) + β1
2β0
ln2 r
]
,
(2.31)
η(µ0, µ) = − Γ0
2β0
[
ln r +
αs (µ0)
4pi
(
Γ1
Γ0
− β1
β0
)
(r − 1)
]
, (2.32)
where r = αs(µ)/αs(µ0). Similarly, for the evolution equations of the functions Si,Z and
Si,X , we find
Si,Z(∆E , pTR,µ) =
∫
d∆′E Ui,Z(∆E −∆′E , pTR,µ, µ0)Si,Z(∆′E , pTR,µ0) , (2.33)
S˜i,X(∆E , z−1/βcut pTR, β, µ) =
∫
d∆′E Ui,S˜X (∆E −∆′E , z
−1/β
cut pTR, β, µ, µ0)
× S˜i,X(∆′E , z−1/βcut pTR, β, µ0) , (2.34)
where the corresponding evolution factors can be written as
Ui,SZ (∆E , pTR,µ, µ0) =
e2Ki(µ,µ0)
Γ [−2ηi(µ, µ0)]
(
µ0e
γE
pTR
)2ηi(µ,µ0)[ Θ(∆E)
∆
1+2η(µ,µ0)
E
]
+
, (2.35)
Ui,S˜X (∆E , z
−1/β
cut pTR, β, µ, µ0) =
e
− 2β
1+β
Ki(µ,µ0)
Γ [2ηi(µ, µ0)]
[
eγE
(
µ0
z
−1/β
cut pTR
) β
1+β
]−2ηi(µ,µ0)
×
[
Θ(∆E)
∆
1−2η(µ,µ0)
E
]
+
. (2.36)
The convolutions of the above evolution factors and the soft functions at the initial scale µ0
in eq. (2.33) can be carried out following e.g. refs. [96, 98]. For completeness, we summarize
the required perturbative ingredients in table 2. An analogous counting of the perturbative
accuracy applies to the other grooming techniques discussed in subsequent sections.
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Figure 5. Non-global soft contribution SNGi for the jet energy drop for iterated soft drop, for i = q
(blue) and i = g (green), including two-loop (dotted) and three-loop (solid) contributions. The
dotted vertical line shows the onset of the nonperturbative region.
2.5 Non-global logarithms
Non-global logarithms (NGLs) start contributing to the jet energy drop at next-to-next-
to-leading order (NNLO). For iterated soft drop, we will show that the NGLs are related
to the hemisphere case, for which a fit to the leading logarithmic resummation [51] or
a perturbative expansion is available [99], in the large-Nc limit. We will show that for
our phenomenological results, the effect of NGLs beyond their leading NNLO contribution
is negligible, and therefore limit ourselves to this contribution for the other grooming
procedures.
The NGLs for iterated soft drop originate from correlations between the two soft modes
SG and SZ , see fig. 4. As jets were identified using the anti-kT jet algorithm, which provides
a hard boundary for soft radiation, we do not have to take into account clustering effects.
Starting with the NGL at NNLO, we exploit the small R limit to map the in- and out-of-
jet region to two hemispheres [100]. In the strong energy-ordered limit of two soft gluon
emissions [51]
SNGi (∆E , zcut) = 1 + 8CiCA
(αs
2pi
)2∫ dx1
x1
dx2
x2
∫
dc1
dφ1
2pi
∫
dc2
dφ2
2pi
Θ(x1 > x2)
× cosφ2
(1− c1c2 − s1s2 cosφ2) s1s2 [Θ(c1 < 0) + Θ(c1 > 0)Θ(x1 > zcutθ
β
1 )]
× [Θ(c2 < 0) + Θ(c2 > 0)Θ(x2 < ∆E)] , (2.37)
where θi are the polar angles of the emissions with ci = cos θi and si = sin θi, and xi =
kT i/pT their energy fractions. The constraints on the soft radiation that are specific to
the measurement can be read off from the Lund plane in fig. 4 and are encoded in the
theta functions on the second and third lines. Specifically, the energy fraction of the most
energetic emission has to pass the soft drop criterion if it is inside the jet, whereas the
second one has to be less than ∆E if it is inside. We can replace x1 > zcutθ
β
1 by x1 > zcut,
up to subleading NGLs, because θ1 ∼ 1 in the frame where the in and out-jet region are
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different hemispheres. Outside the jet both emissions are unconstrained. Out of the four
resulting contributions, the term ∼ Θ(c1 < 0)Θ(c2 < 0) is scaleless, and the other three
terms add up to give4
SNGi (∆E , zcut) = 1−
pi2
3
CiCA
(αs
2pi
)2
ln2
(∆E
zcut
)
. (2.38)
This is the usual result for the leading NGL in the hemisphere case, where the argument
of the logarithm squared is now given by the ratio of the characteristic scales of the two
functions SG and SZ in eq. (2.23). We emphasize, however, that this is NGL does not arise
in the standard way, as both the high and low energy restrictions are imposed on the same
hemisphere.
We plot the numerical size of the NNLO non-global contribution to the jet energy drop
distribution in fig. 5 for quarks and gluons as a function of ∆E . The region to the left of
the dotted vertical line is nonperturbative, as the softest scale in the factorization formula
µS˜X (see eq. (2.23)) drops below 0.5 GeV. Outside the nonperturbative region, the effect
of NGLs is less than 10%. Although this NGL does not arise in the standard way, we
still expect that the higher-order corrections are also the same as for the hemisphere case.
Thus we explore the effect of higher order corrections using the solution [99] of the BMS
equation [53]. We find that the effect of the three-loop contribution is (much) below the
percent level, outside the nonperturbative region, as shown in fig. 5. The two-loop NGL
is thus sufficient for our numerical results in sec. 2.7, and we adopt the same practical
approach for the grooming algorithms discussed in the subsequent sections.
2.6 Profile functions and scale variations
We will now describe our central scale choice, taking particular care to avoid the Landau
pole in the nonperturbative region. The scale variations used to estimate the perturbative
uncertainty will also be discussed.
We observe from eq. (2.23) that the softest scale µSX determines the nonperturbative
region of the ∆E distribution,
∆E <
(
ΛNPz
1/β
cut
pTR
)β/(1+β)
. (2.39)
Here we take ΛNP = 1.5 GeV as the value where the scale starts becoming nonperturbative.
For instance, we used this value of ΛNP in eq. (2.39) to determine the position of the dotted
vertical line in fig. 5.
To prevent the strong coupling constant αs from running into the Landau pole for
small ∆E , we use profile functions [98] to freeze the scales at some value Λfreeze above the
Landau pole. The transition to the fixed-order region (where ∆E is large) does not require
4Integrals over xi that include 0 in the integration domain are divergent. To calculate these, we note
that the integral over 0 ≤ xi ≤ 1 does not yield a large logarithm, allowing us to rewrite the original
integral as minus the integral over the complement, which is convergent. The infinities cancel between real
and virtual contributions. A similar approach can be used for the angular integral for emissions in the same
hemisphere.
– 15 –
special care, because the nonsingular contribution is so small, see fig. 3. We make the
following choice to smoothly transition
fpro(x;x0) =
{
x x > 2x0 region I ,
x0[1 + (x/x0)
2/4] x ≤ 2x0 region II . (2.40)
Our central scale choice is given by
µcentS˜X = fpro(∆
(1+β)/β
E z
−1/β
cut pTR; Λfreeze) ,
µcentSZ =
(
µcentS˜X (zcutpTR)
1
β
) β
1+β ,
µcentSG = zcutpTR ,
µcentG = pTR ,
µcentH = pT , (2.41)
where it is important to relate the two scales which depend on ∆E , such that µ
cent
SZ
also
stops running when the softer scale µcentS˜X enters the nonperturbative region. Note that
the latter two scales, the hard scale and jet scale, enter our calculation through the jet
production described in sec. 2.1. We make the choice
Λfreeze = 0.2 GeV (2.42)
throughout this paper, which ensures that we see the Sudakov peak.
QCD scale uncertainties are obtained by varying the scales of S˜X , SZ individually up
and down by a factor of 2 around their central value. We also vary the scales of SG,G,H
simultaneously because there is not a large hierarchy between them, since R = 0.8 and we
generally take zcut = 0.5. Finally, we vary all scales simultaneously up and down, and take
the envelope of these variations to obtain the uncertainty band.
2.7 Numerical results
In this section we present our numerical results for the jet energy drop for the iterated soft
drop algorithm, comparing to Pythia 8.2 simulations [101]. We consider LHC kinematics
at
√
s = 13 TeV, reconstructing jets with the anti-kT algorithm and R = 0.8 in the rapidity
range of |η| < 2. Throughout this work, we use the CT14 NLO PDF set [102].
In fig. 6, we show our results at NLL and NLL′ accuracy for the jet energy drop,
and the corresponding results for Pythia at parton level, including initial- and final-state
radiation. The different panels correspond to different jet transverse momentum intervals
ranging from pT = 30 to 1200 GeV, and we choose the grooming parameters zcut = 0.5
and β = 2. For the NLL′ curves, we include the perturbative uncertainty bands, following
the procedure in sec. 2.6. We indicate the onset of the nonperturbative region by a dotted
vertical line, corresponding to µS˜X ∼ 1.5 GeV (see eq. (2.39)). We use a differential
scale setting, which leads to a good prediction for the shape but only ensures the correct
normalization up to higher-order corrections. We address this by simply normalizing our
distribution, though there are more refined proposals (see e.g. ref. [103] for a discussion in
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Figure 6. Jet energy drop distribution with zcut = 0.5 and β = 2 at NLL (dashed blue) and
NLL′ accuracy (orange curve and band), compared to Pythia (dashed purple). The different
panels correspond to different jet transverse momenta. The central curves are normalized to unity
between the dotted vertical line and the endpoint ∆E = zcut.
Figure 7. Comparison of the QCD scale uncertainties at NLL and NLL′, for the lower left panel
of fig. 6.
the context of the thrust event shape). The NLL′ result becomes unreliable (negative) at
small ∆E , because of large perturbative corrections from S˜X , and would anyway need to
be supplemented by a nonperturbative model. We therefore use the respective NLL curve
(which is always positive) to obtain the normalization factor for the individual quark/gluon
predictions and apply this to the NLL′ curves as well. After combining these with the
– 17 –
Figure 8. The jet energy drop for iterated soft drop at NLL′ for several values of β (left) and zcut
(right).
Figure 9. Pythia results for the jet energy drop with iterated soft drop at parton level (blue),
including hadronization (red) and also MPI (green), for pT = 30−50 GeV (left) and 100−200 GeV
(right). Note that these curves are normalized on the full ∆E interval.
appropriate quark/gluon fractions we normalize the prediction by the cross section σ˜ on
the interval between the vertical dotted line and the endpoint at ∆E = zcut, to limit the
sensitivity to nonperturbative physics in the perturbative region. We note that the NLL
results lie within the uncertainty band of the NLL′, instilling confidence in the convergence
of resummed perturbation theory. We also find generally good agreement with Pythia,
with the largest differences in the nonperturbative region, as expected. We observe that
for lower jet pT the jet energy drop distribution peaks at larger values and is generally
broader, which arises from the larger value of αs.
As an example, we show the QCD scale uncertainty at NLL and NLL′ accuracy in fig. 7.
We observe a dramatic reduction of the uncertainty band at NLL′. This illustrates the need
to perform perturbative calculations at least at NLL′ accuracy, where scale variations in the
RG evolution kernels are partially canceled by the NLO results of the different functions,
and is the reason we omit the uncertainty band for NLL curves in subsequent plots.
In fig. 8, we show the dependence of the jet energy drop on the grooming parameters
zcut and β. We consider jets with pT = 1000− 1200 GeV to limit the effect of the nonper-
turbative region. In the left panel we fix zcut = 0.5 and vary β, while in the right panel we
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choose β = 1 and vary zcut. As expected from eq. (2.9), the energy drop becomes smaller
in the limit β →∞ and zcut → 0. Indeed, in these limits, the jet energy drop distributions
approach a delta function at ∆E = 0 (apart from nonperturbative effects).
In fig. 9, we study the effect of hadronization and multiple parton interactions (MPI)
on the jet energy drop in Pythia, for two different bins in the jet transverse momentum.
The effect of hadronization is huge: In particular, for jet pT = 30 − 50 GeV about 17%
of the jets at parton level are unaffected by grooming (i.e. ∆E = 0). The effects of MPI
are sizable and affect the whole distribution: the radiation due to MPI is uncorrelated to
the primary scattering and therefore fairly uniformly distributed over the jet, such that
grooming always removes a substantial part of them, independent of the value of ∆E . This
has of course the desired effect of removing them from the groomed jet, but makes our
observable particularly sensitive to MPI. Hadronization mostly affects the peak region,
shifting its location to the right. The effect of hadronization extends over a larger range of
∆E than one would expect from the onset of nonperturbative effects estimated in eq. (2.39).
The effect of both hadronization and MPI is reduced at higher jet energies.
3 Soft drop
In this section we present the calculation of the jet energy drop using regular soft drop
grooming. As discussed in sec. 2.2 above, the soft drop algorithm terminates once a pair
of branches satisfies the criterion in eq. (2.9). Therefore, the soft drop condition is not
applied to emissions that are at smaller angles than the opening angle between the two
branches that satisfy the grooming condition. This leads to a different and more compli-
cated factorization structure than for iterated soft drop, involving the angle between the
two branches that satisfy the soft drop condition.
In our factorization analysis, we consider the cross section differential in both the
energy drop ∆E and the opening angle of the two branches Rg = θgR. We identify two
separate regimes, depending on the relative size of ∆E , θg, and zcut, as discussed below.
After the resummation is performed, we can remove the dependence on θg by integrating
over it, or, alternatively, calculate the cross section for jet energy drop with a cut on θg.
A related factorization structure was found in ref. [14], for the angle between the standard
and the groomed jet axis. Both observables probe the radiation which is groomed away by
soft drop, and are therefore very soft sensitive. Indeed, imposing a cut on θg reduces the
soft sensitivity of the jet energy drop, as will be demonstrated in sec. 3.7. In addition, it
can be advantageous for experimental measurements. The (modified) LL jet energy drop
cross section was calculated in ref. [7], by means of a conditional probability. We will also
explain the connection between this approach and our double differential factorization.
We start by presenting results for the jet function differential in both ∆E and θg at
NLO in sec. 3.1. In sec. 3.2, we discuss in detail the refactorization of the jet function,
separated into two factorization regimes, and the resummation of logarithms of ∆E , θg
and zcut, including non-global logarithms. We show how the global logarithms can be
reproduced by means of a conditional probability in sec. 3.3, and discuss the Sudakov-safe
case β = 0 in sec. 3.4. In sec. 3.5 nonperturbative effects are discussed (in particular for
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the case where there is a cut on θg), and our scale choices are presented in sec. 3.6. Finally,
in sec. 3.7 we present numerical results for LHC kinematics and compare to Pythia results.
3.1 Fixed-order results
In our factorization analysis, we need to account for the groomed jet radius θg, since
its value modifies the structure of the large logarithms in the jet energy drop ∆E . In
particular, we will jointly resum large logarithms involving ∆E and θg, to all orders in αs.
We therefore calculate the double-differential jet function at NLO, which will provide a
check on our factorization. However, only the jet function differential in ∆E enters in the
final result (unless a cut on θg is imposed).
At NLO, ∆GSDi is calculated from
∆GSDi (∆E , θg, pTR, zcut, β, αs(µ))
=
∫
dΦ2 σ
c
2,i Θ(θ < R)
[
Θ
(
x > zcut(θ/R)
β
)
Θ
(
1− x > zcut(θ/R)β
)
δ(∆E)δ
(
θg − θ/R
)
+ Θ
(
x > zcut
(
θ/R
)β)
Θ
(
1− x < zcut(θ/R)β
)
δ(∆E − (1− x))δ(θg)
+ Θ
(
x < zcut
(
θ/R
)β)
Θ
(
1− x > zcut(θ/R)β
)
δ(∆E − x)δ(θg)− δ(∆E)δ(θg)
]
. (3.1)
At this order terms are either ∝ δ(θg), when one parton fails the soft drop criterion, or
∝ δ(∆E), when both pass. The final term subtracts off the contribution already contained
in the semi-inclusive jet function, see eq. (2.5). For quarks and gluons we find to NLO
∆GSDq (∆E , θg, pTR, zcut, β, αs(µ))
=
αsCF
pi
{
δ(∆E)Θ(θg < 1)
[
(−2 + 3zcut)β
[
ln θg
θg
]
+
+
(
−2 ln zcut − 3
2
+ 3zcut
) 1
[θg]+
+
2
θg
ln(1− θβg zcut)
]
+
1
β
Θ(∆E < zcut)δ(θg)
[
− 2
[
ln ∆E
∆E
]
+
+ 2 ln zcut
1
[∆E ]+
+
(
3− 2
1−∆E
)
ln
(∆E
zcut
)]
+
1
β
δ(∆E)δ(θg)[− ln2 zcut + 3zcut]
}
(3.2)
∆GSDg (∆E , θg, pTR, zcut, β, αs(µ)) (3.3)
=
αs
pi
(
δ(∆E)Θ(θg < 1)
{
CA
[(
− 2− 3
2
zcut + 9z
2
cut − 9z3cut
)
β
[
ln θg
θg
]
+
+
(
− 2 ln zcut − 3
2
zcut +
9
2
z2cut − 3z3cut
) 1
[θg]+
+
2
θg
ln
(
1− zcutθβg
)]
+
β0
2
[
(3zcut − 6z2cut + 6z3cut)β
[
ln θg
θg
]
+
+ (−1 + 3zcut − 3z2cut + 2z3cut)
1
[θg]+
]
+
1
β
δ(θg)Θ(∆E < zcut)
[
CA
[
− 2
[
ln ∆E
∆E
]
+
+ 2 ln zcut
1
[∆E ]+
]
−
[
CA
( 2
1−∆E − 4 + 2∆E − 2∆
2
E
)
+ 2nfTF
(
∆2E + (1−∆E)2
)]
ln
(
∆E
zcut
)]
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Figure 10. Numerical results for the singular, non-singular and fixed-order result of ∆GSDi for soft
drop as a function of the groomed jet radius θg, for the same jet kinematics as in fig. 3 and with
grooming parameters β = 1 and zcut = 0.3.
+
1
β
δ(θg)δ(∆E)
[
CA
(
−ln2 zcut+4zcut− z
2
cut
2
+
2
9
z3cut
)
+ nfTF
(
−zcut+z2cut−
4
9
z3cut
)]}
.
As is clear from the 1/β poles in the above expressions, the jet energy drop is not IRC safe
for soft drop with β = 0. However, unlike for iterated soft drop, β = 0 is Sudakov safe,
as will be discussed in sec. 3.4. Alternatively, it is also IRC safe if a cut on θg is imposed,
which removes the singularity at θg = 0.
Upon integration over the groomed radius θg,∫ 1
0
dθg ∆GSDi (∆E , θg, pTR, zcut, β, αs(µ)) NLO= ∆GISDi (∆E , pTR, zcut, β, αs(µ)) . (3.4)
we obtain the jet function for iterated soft drop in eq. (2.13). Consequently, the size of the
logarithmically enhanced terms in the jet function is the same as for iterated soft drop,
shown in fig. 3. For completeness, we also plot the NLO jet function ∆GSDi as a function
of θg to further assess the numerical size of the power corrections to the singular terms in
the limit ∆E  zcut  1. The results in fig. 10 show that the power corrections are small
as long as θg is not too small. We impose a sufficiently large θ
cut
g in our phenomenological
studies below, and thus do not need to include a matching correction.
3.2 Factorization and resummation
We will consider the kinematic regime where ∆E  zcut  1 and θg  1. We obtain
two different factorization formulae, depending on whether θg is (parametrically) larger or
smaller than (∆E/zcut)
1/β, discussed in secs. 3.2.1 and 3.2.2, respectively.
3.2.1 Regime A
The Lund diagram for regime A is shown in the left panel of fig. 11. The dashed lines
show the measurements of ∆E and θg as well as the grooming condition, as indicated in
the figure. The cumulative measurement of the groomed radius θg < θ
c
g vetoes emissions
in the red region with momentum fraction z > zcut(θ/R)
β and angles θ/R > θcg, see also
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SZ
<latexit sha1_base64="hc69chUPgRLXjanfnesacihvMWA= ">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe2oWy2m3bpZhN2J0IJ/QkevKh49Rd59N+4bXPQ1gcDj/dmmJkXJF IYdN1vp7C2vrG5Vdwu7ezu7R+UD49aJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px7cxvP3FtRKwecJJwP6JDJULBKFqp0eg/9s sVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnR HFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU3HZuAtf7xKWhdVz61695eV2k2eRhFO4BTOwYMrqM Ed1KEJDIbwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AY37jZQ=</latexit><latexit sha1_base64="hc69chUPgRLXjanfnesacihvMWA= ">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe2oWy2m3bpZhN2J0IJ/QkevKh49Rd59N+4bXPQ1gcDj/dmmJkXJF IYdN1vp7C2vrG5Vdwu7ezu7R+UD49aJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px7cxvP3FtRKwecJJwP6JDJULBKFqp0eg/9s sVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnR HFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU3HZuAtf7xKWhdVz61695eV2k2eRhFO4BTOwYMrqM Ed1KEJDIbwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AY37jZQ=</latexit><latexit sha1_base64="hc69chUPgRLXjanfnesacihvMWA= ">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe2oWy2m3bpZhN2J0IJ/QkevKh49Rd59N+4bXPQ1gcDj/dmmJkXJF IYdN1vp7C2vrG5Vdwu7ezu7R+UD49aJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px7cxvP3FtRKwecJJwP6JDJULBKFqp0eg/9s sVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnR HFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU3HZuAtf7xKWhdVz61695eV2k2eRhFO4BTOwYMrqM Ed1KEJDIbwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AY37jZQ=</latexit><latexit sha1_base64="hc69chUPgRLXjanfnesacihvMWA= ">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe2oWy2m3bpZhN2J0IJ/QkevKh49Rd59N+4bXPQ1gcDj/dmmJkXJF IYdN1vp7C2vrG5Vdwu7ezu7R+UD49aJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px7cxvP3FtRKwecJJwP6JDJULBKFqp0eg/9s sVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnR HFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU3HZuAtf7xKWhdVz61695eV2k2eRhFO4BTOwYMrqM Ed1KEJDIbwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AY37jZQ=</latexit>
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<latexit sha1_base64="CUm13HG8p5SAEbnD0Wtr5GxEaA8= ">AAACXHicbVFdSxwxFM1MbdW1tquCL76ELgULZZnZrriPghZ8tNBVYTMdMtk7s8HMB8kdYQ35kX20D/0tzX4UqvZC4HDOubm5J1 mjpMEoegzCVxuv32xubXd23u6+e9/d2782dasFjEWtan2bcQNKVjBGiQpuGw28zBTcZHfnC/3mHrSRdfUd5w0kJS8qmUvB0VNpFy 1bXjLRRZbYqD8aDqPh4HPUj5a1AF9OT+KBowxngDwtmFKUKcjxmOWaC8suQHn+q7MPqWW6pKJF5+1aFjP89MOuXLGzLPP9jlLn0m 7v7wD6EsRr0CPrukq7P9m0Fm0JFQrFjZnEUYOJ5RqlUOA6rDXQcHHHC5h4WPESTGKXizn60TNTmtfanwrpkv23w/LSmHmZeWfJcW aeawvyf9qkxXyUWFk1LUIlVoPyVlGs6SJqOpUaBKq5B1xo6d9KxYz7NNB/iM8gfr7xS3A96MdRP/427J2N1mlskSPygRyTmJySM3 JJrsiYCPIrIMF20Al+hxvhTri7sobBuueAPKnw8A/H1rIH</latexit><latexit sha1_base64="CUm13HG8p5SAEbnD0Wtr5GxEaA8= ">AAACXHicbVFdSxwxFM1MbdW1tquCL76ELgULZZnZrriPghZ8tNBVYTMdMtk7s8HMB8kdYQ35kX20D/0tzX4UqvZC4HDOubm5J1 mjpMEoegzCVxuv32xubXd23u6+e9/d2782dasFjEWtan2bcQNKVjBGiQpuGw28zBTcZHfnC/3mHrSRdfUd5w0kJS8qmUvB0VNpFy 1bXjLRRZbYqD8aDqPh4HPUj5a1AF9OT+KBowxngDwtmFKUKcjxmOWaC8suQHn+q7MPqWW6pKJF5+1aFjP89MOuXLGzLPP9jlLn0m 7v7wD6EsRr0CPrukq7P9m0Fm0JFQrFjZnEUYOJ5RqlUOA6rDXQcHHHC5h4WPESTGKXizn60TNTmtfanwrpkv23w/LSmHmZeWfJcW aeawvyf9qkxXyUWFk1LUIlVoPyVlGs6SJqOpUaBKq5B1xo6d9KxYz7NNB/iM8gfr7xS3A96MdRP/427J2N1mlskSPygRyTmJySM3 JJrsiYCPIrIMF20Al+hxvhTri7sobBuueAPKnw8A/H1rIH</latexit><latexit sha1_base64="CUm13HG8p5SAEbnD0Wtr5GxEaA8= ">AAACXHicbVFdSxwxFM1MbdW1tquCL76ELgULZZnZrriPghZ8tNBVYTMdMtk7s8HMB8kdYQ35kX20D/0tzX4UqvZC4HDOubm5J1 mjpMEoegzCVxuv32xubXd23u6+e9/d2782dasFjEWtan2bcQNKVjBGiQpuGw28zBTcZHfnC/3mHrSRdfUd5w0kJS8qmUvB0VNpFy 1bXjLRRZbYqD8aDqPh4HPUj5a1AF9OT+KBowxngDwtmFKUKcjxmOWaC8suQHn+q7MPqWW6pKJF5+1aFjP89MOuXLGzLPP9jlLn0m 7v7wD6EsRr0CPrukq7P9m0Fm0JFQrFjZnEUYOJ5RqlUOA6rDXQcHHHC5h4WPESTGKXizn60TNTmtfanwrpkv23w/LSmHmZeWfJcW aeawvyf9qkxXyUWFk1LUIlVoPyVlGs6SJqOpUaBKq5B1xo6d9KxYz7NNB/iM8gfr7xS3A96MdRP/427J2N1mlskSPygRyTmJySM3 JJrsiYCPIrIMF20Al+hxvhTri7sobBuueAPKnw8A/H1rIH</latexit><latexit sha1_base64="CUm13HG8p5SAEbnD0Wtr5GxEaA8= ">AAACXHicbVFdSxwxFM1MbdW1tquCL76ELgULZZnZrriPghZ8tNBVYTMdMtk7s8HMB8kdYQ35kX20D/0tzX4UqvZC4HDOubm5J1 mjpMEoegzCVxuv32xubXd23u6+e9/d2782dasFjEWtan2bcQNKVjBGiQpuGw28zBTcZHfnC/3mHrSRdfUd5w0kJS8qmUvB0VNpFy 1bXjLRRZbYqD8aDqPh4HPUj5a1AF9OT+KBowxngDwtmFKUKcjxmOWaC8suQHn+q7MPqWW6pKJF5+1aFjP89MOuXLGzLPP9jlLn0m 7v7wD6EsRr0CPrukq7P9m0Fm0JFQrFjZnEUYOJ5RqlUOA6rDXQcHHHC5h4WPESTGKXizn60TNTmtfanwrpkv23w/LSmHmZeWfJcW aeawvyf9qkxXyUWFk1LUIlVoPyVlGs6SJqOpUaBKq5B1xo6d9KxYz7NNB/iM8gfr7xS3A96MdRP/427J2N1mlskSPygRyTmJySM3 JJrsiYCPIrIMF20Al+hxvhTri7sobBuueAPKnw8A/H1rIH</latexit>
S˜X
<latexit sha1_base64="vzT/McTH18iIUFg2E70zv2ubARk= ">AAAB/XicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWtA9oQphMJu3QyYOZiVBC8FtcuFFx63e49G+ctFlo64GBwzn3cs8cP+ VMKsv6Nmorq2vrG/XNxtb2zu6euX/Qk0kmCO2ShCdi4GNJOYtpVzHF6SAVFEc+p31/clP6/UcqJEviBzVNqRvhUcxCRrDSkmceOY rxgOZOhNWYYJ7fF4U38Mym1bJmQMvErkgTKnQ888sJEpJFNFaEYymHtpUqN8dCMcJp0XAySVNMJnhEh5rGOKLSzWfxC3SqlQCFid AvVmim/t7IcSTlNPL1ZJlSLnql+J83zFR45eYsTjNFYzI/FGYcqQSVXaCACUoUn2qCiWA6KyJjLDBRujHdgb3442XSO2/ZVsu+u2 i2r6s26nAMJ3AGNlxCG26hA10gkMMzvMKb8WS8GO/Gx3y0ZlQ7h/AHxucPZ3mWCw==</latexit><latexit sha1_base64="vzT/McTH18iIUFg2E70zv2ubARk= ">AAAB/XicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWtA9oQphMJu3QyYOZiVBC8FtcuFFx63e49G+ctFlo64GBwzn3cs8cP+ VMKsv6Nmorq2vrG/XNxtb2zu6euX/Qk0kmCO2ShCdi4GNJOYtpVzHF6SAVFEc+p31/clP6/UcqJEviBzVNqRvhUcxCRrDSkmceOY rxgOZOhNWYYJ7fF4U38Mym1bJmQMvErkgTKnQ888sJEpJFNFaEYymHtpUqN8dCMcJp0XAySVNMJnhEh5rGOKLSzWfxC3SqlQCFid AvVmim/t7IcSTlNPL1ZJlSLnql+J83zFR45eYsTjNFYzI/FGYcqQSVXaCACUoUn2qCiWA6KyJjLDBRujHdgb3442XSO2/ZVsu+u2 i2r6s26nAMJ3AGNlxCG26hA10gkMMzvMKb8WS8GO/Gx3y0ZlQ7h/AHxucPZ3mWCw==</latexit><latexit sha1_base64="vzT/McTH18iIUFg2E70zv2ubARk= ">AAAB/XicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWtA9oQphMJu3QyYOZiVBC8FtcuFFx63e49G+ctFlo64GBwzn3cs8cP+ VMKsv6Nmorq2vrG/XNxtb2zu6euX/Qk0kmCO2ShCdi4GNJOYtpVzHF6SAVFEc+p31/clP6/UcqJEviBzVNqRvhUcxCRrDSkmceOY rxgOZOhNWYYJ7fF4U38Mym1bJmQMvErkgTKnQ888sJEpJFNFaEYymHtpUqN8dCMcJp0XAySVNMJnhEh5rGOKLSzWfxC3SqlQCFid AvVmim/t7IcSTlNPL1ZJlSLnql+J83zFR45eYsTjNFYzI/FGYcqQSVXaCACUoUn2qCiWA6KyJjLDBRujHdgb3442XSO2/ZVsu+u2 i2r6s26nAMJ3AGNlxCG26hA10gkMMzvMKb8WS8GO/Gx3y0ZlQ7h/AHxucPZ3mWCw==</latexit><latexit sha1_base64="vzT/McTH18iIUFg2E70zv2ubARk= ">AAAB/XicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWtA9oQphMJu3QyYOZiVBC8FtcuFFx63e49G+ctFlo64GBwzn3cs8cP+ VMKsv6Nmorq2vrG/XNxtb2zu6euX/Qk0kmCO2ShCdi4GNJOYtpVzHF6SAVFEc+p31/clP6/UcqJEviBzVNqRvhUcxCRrDSkmceOY rxgOZOhNWYYJ7fF4U38Mym1bJmQMvErkgTKnQ888sJEpJFNFaEYymHtpUqN8dCMcJp0XAySVNMJnhEh5rGOKLSzWfxC3SqlQCFid AvVmim/t7IcSTlNPL1ZJlSLnql+J83zFR45eYsTjNFYzI/FGYcqQSVXaCACUoUn2qCiWA6KyJjLDBRujHdgb3442XSO2/ZVsu+u2 i2r6s26nAMJ3AGNlxCG26hA10gkMMzvMKb8WS8GO/Gx3y0ZlQ7h/AHxucPZ3mWCw==</latexit>
S˜G
<latexit sha1_base64="hNG6QoMuoXQPbiOsKgea9/Wqg9Q= ">AAAB/XicbVDLSsNAFJ3UV62vqLhyM1gEVyURQZdFF7qsaG2hCWEyuWmHTh7MTIQSgt/iwo2KW7/DpX/jpM1CWw8MHM65l3vm+C lnUlnWt1FbWl5ZXauvNzY2t7Z3zN29B5lkgkKXJjwRfZ9I4CyGrmKKQz8VQCKfQ88fX5V+7xGEZEl8ryYpuBEZxixklCgteeaBox gPIHciokaU8PyuKLxrz2xaLWsKvEjsijRRhY5nfjlBQrMIYkU5kXJgW6lycyIUoxyKhpNJSAkdkyEMNI1JBNLNp/ELfKyVAIeJ0C 9WeKr+3shJJOUk8vVkmVLOe6X4nzfIVHjh5ixOMwUxnR0KM45VgssucMAEUMUnmhAqmM6K6YgIQpVuTHdgz/94kTyctmyrZd+eNd uXVRt1dIiO0Amy0TlqoxvUQV1EUY6e0St6M56MF+Pd+JiN1oxqZx/9gfH5A03Glfo=</latexit><latexit sha1_base64="hNG6QoMuoXQPbiOsKgea9/Wqg9Q= ">AAAB/XicbVDLSsNAFJ3UV62vqLhyM1gEVyURQZdFF7qsaG2hCWEyuWmHTh7MTIQSgt/iwo2KW7/DpX/jpM1CWw8MHM65l3vm+C lnUlnWt1FbWl5ZXauvNzY2t7Z3zN29B5lkgkKXJjwRfZ9I4CyGrmKKQz8VQCKfQ88fX5V+7xGEZEl8ryYpuBEZxixklCgteeaBox gPIHciokaU8PyuKLxrz2xaLWsKvEjsijRRhY5nfjlBQrMIYkU5kXJgW6lycyIUoxyKhpNJSAkdkyEMNI1JBNLNp/ELfKyVAIeJ0C 9WeKr+3shJJOUk8vVkmVLOe6X4nzfIVHjh5ixOMwUxnR0KM45VgssucMAEUMUnmhAqmM6K6YgIQpVuTHdgz/94kTyctmyrZd+eNd uXVRt1dIiO0Amy0TlqoxvUQV1EUY6e0St6M56MF+Pd+JiN1oxqZx/9gfH5A03Glfo=</latexit><latexit sha1_base64="hNG6QoMuoXQPbiOsKgea9/Wqg9Q= ">AAAB/XicbVDLSsNAFJ3UV62vqLhyM1gEVyURQZdFF7qsaG2hCWEyuWmHTh7MTIQSgt/iwo2KW7/DpX/jpM1CWw8MHM65l3vm+C lnUlnWt1FbWl5ZXauvNzY2t7Z3zN29B5lkgkKXJjwRfZ9I4CyGrmKKQz8VQCKfQ88fX5V+7xGEZEl8ryYpuBEZxixklCgteeaBox gPIHciokaU8PyuKLxrz2xaLWsKvEjsijRRhY5nfjlBQrMIYkU5kXJgW6lycyIUoxyKhpNJSAkdkyEMNI1JBNLNp/ELfKyVAIeJ0C 9WeKr+3shJJOUk8vVkmVLOe6X4nzfIVHjh5ixOMwUxnR0KM45VgssucMAEUMUnmhAqmM6K6YgIQpVuTHdgz/94kTyctmyrZd+eNd uXVRt1dIiO0Amy0TlqoxvUQV1EUY6e0St6M56MF+Pd+JiN1oxqZx/9gfH5A03Glfo=</latexit><latexit sha1_base64="hNG6QoMuoXQPbiOsKgea9/Wqg9Q= ">AAAB/XicbVDLSsNAFJ3UV62vqLhyM1gEVyURQZdFF7qsaG2hCWEyuWmHTh7MTIQSgt/iwo2KW7/DpX/jpM1CWw8MHM65l3vm+C lnUlnWt1FbWl5ZXauvNzY2t7Z3zN29B5lkgkKXJjwRfZ9I4CyGrmKKQz8VQCKfQ88fX5V+7xGEZEl8ryYpuBEZxixklCgteeaBox gPIHciokaU8PyuKLxrz2xaLWsKvEjsijRRhY5nfjlBQrMIYkU5kXJgW6lycyIUoxyKhpNJSAkdkyEMNI1JBNLNp/ELfKyVAIeJ0C 9WeKr+3shJJOUk8vVkmVLOe6X4nzfIVHjh5ixOMwUxnR0KM45VgssucMAEUMUnmhAqmM6K6YgIQpVuTHdgz/94kTyctmyrZd+eNd uXVRt1dIiO0Amy0TlqoxvUQV1EUY6e0St6M56MF+Pd+JiN1oxqZx/9gfH5A03Glfo=</latexit>
soft
<latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctj lo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sY QyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctj lo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sY QyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctj lo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sY QyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctj lo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sY QyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit>
collinear
<latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/ 8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZ gKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/ 8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZ gKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/ 8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZ gKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/ 8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZ gKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit>
ln
1
z
<latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+g CWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSd RPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1 +QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+g CWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSd RPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1 +QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+g CWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSd RPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1 +QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+g CWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSd RPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1 +QNBZpMa</latexit>
ln
R
✓
<latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuh KWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ 0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln 9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuh KWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ 0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln 9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuh KWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ 0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln 9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuh KWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ 0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln 9skfOJ8/SQSVZQ==</latexit>
z = zcut
✓
✓
R
◆ 
<latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUs kImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl 7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQ a1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUs kImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl 7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQ a1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUs kImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl 7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQ a1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUs kImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl 7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQ a1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit>
  > 0
<latexit sha1_base64="Enpcz/FIE/S4ziDQsu5REQvt3as=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoCcJevEYwTwg WcLspDcZMjuzzPQKIeQjPHhR8er3ePRvnCR70MSChqKqm+6uKJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDozHBpcS23aEbMghYIGCpTQTg2wJJLQikZ3M7/1BMYKrR5xnEKYsIESseAMndTqRoDsxu+VK37Vn4OukiAnFZKj3it/dfuaZwko5JJZ2wn8FMMJMyi4hGmp m1lIGR+xAXQcVSwBG07m507pmVP6NNbGlUI6V39PTFhi7TiJXGfCcGiXvZn4n9fJML4OJ0KlGYLii0VxJilqOvud9oUBjnLsCONGuFspHzLDOLqEXAbB8serpHlRDfxq8HBZqd3maRTJCTkl5yQgV6RG7kmdNAgnI/JMXsmbp70X7937WLQWvHzmmPyB9/kDM9uPFg== </latexit><latexit sha1_base64="Enpcz/FIE/S4ziDQsu5REQvt3as=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoCcJevEYwTwg WcLspDcZMjuzzPQKIeQjPHhR8er3ePRvnCR70MSChqKqm+6uKJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDozHBpcS23aEbMghYIGCpTQTg2wJJLQikZ3M7/1BMYKrR5xnEKYsIESseAMndTqRoDsxu+VK37Vn4OukiAnFZKj3it/dfuaZwko5JJZ2wn8FMMJMyi4hGmp m1lIGR+xAXQcVSwBG07m507pmVP6NNbGlUI6V39PTFhi7TiJXGfCcGiXvZn4n9fJML4OJ0KlGYLii0VxJilqOvud9oUBjnLsCONGuFspHzLDOLqEXAbB8serpHlRDfxq8HBZqd3maRTJCTkl5yQgV6RG7kmdNAgnI/JMXsmbp70X7937WLQWvHzmmPyB9/kDM9uPFg== </latexit><latexit sha1_base64="Enpcz/FIE/S4ziDQsu5REQvt3as=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoCcJevEYwTwg WcLspDcZMjuzzPQKIeQjPHhR8er3ePRvnCR70MSChqKqm+6uKJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDozHBpcS23aEbMghYIGCpTQTg2wJJLQikZ3M7/1BMYKrR5xnEKYsIESseAMndTqRoDsxu+VK37Vn4OukiAnFZKj3it/dfuaZwko5JJZ2wn8FMMJMyi4hGmp m1lIGR+xAXQcVSwBG07m507pmVP6NNbGlUI6V39PTFhi7TiJXGfCcGiXvZn4n9fJML4OJ0KlGYLii0VxJilqOvud9oUBjnLsCONGuFspHzLDOLqEXAbB8serpHlRDfxq8HBZqd3maRTJCTkl5yQgV6RG7kmdNAgnI/JMXsmbp70X7937WLQWvHzmmPyB9/kDM9uPFg== </latexit><latexit sha1_base64="Enpcz/FIE/S4ziDQsu5REQvt3as=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoCcJevEYwTwg WcLspDcZMjuzzPQKIeQjPHhR8er3ePRvnCR70MSChqKqm+6uKJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDozHBpcS23aEbMghYIGCpTQTg2wJJLQikZ3M7/1BMYKrR5xnEKYsIESseAMndTqRoDsxu+VK37Vn4OukiAnFZKj3it/dfuaZwko5JJZ2wn8FMMJMyi4hGmp m1lIGR+xAXQcVSwBG07m507pmVP6NNbGlUI6V39PTFhi7TiJXGfCcGiXvZn4n9fJML4OJ0KlGYLii0VxJilqOvud9oUBjnLsCONGuFspHzLDOLqEXAbB8serpHlRDfxq8HBZqd3maRTJCTkl5yQgV6RG7kmdNAgnI/JMXsmbp70X7937WLQWvHzmmPyB9/kDM9uPFg== </latexit>
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Figure 11. Lund diagrams for the energy drop of a soft-drop groomed jet in the region ∆E 
zcut  1 and θg  1, for regime A (left) and B (right). The relevant SCET modes are indicated
by red and green dots, and their power counting can be read off, see table 3.
Mode: Function: Regime A Regime B
hard H pT (R
2, 1, R)
soft SZ ∆E pT (R
2, 1, R)
collinear C∈gr pT (R2g, 1, Rg)
collinear-soft S˜G zcutθβg pT (R2g, 1, Rg)
collinear-soft S˜X ∆E pT
((
∆E
zcut
)2/β
R2, 1,
(
∆E
zcut
)1/β
R
)
collinear-soft S˜Z ∆E pT (R2g, 1, Rg)
Table 3. The scaling of the modes that enter the factorization formulae of the jet energy drop
cross section in the kinematic region where ∆E  zcut  1 and θg = Rg/R  1. Regime A (B)
correspond to θg being smaller (larger) than (∆E/zcut)
1/β .
refs. [7, 13]. In addition, we now measure the jet energy drop ∆E < ∆
c
E . Emissions with
z < zcut(θ/R)
β and θ/R > θg are groomed away, and contribute to the measured value of
∆E . Therefore, emissions are vetoed in the blue region. For θg < (∆E/zcut)
1/β, we thus
obtain the Lund diagram as shown in fig. 11. Note that to simplify the notation, we omit
the superscript c for cumulative variables in fig. 11.
We start with the resummed result at LL accuracy, which can be calculated from the
vetoed red and blue shaded areas of the Lund diagram. This gives the cumulant from
which we obtain the double-differential result by taking derivatives with respect to both
∆E and θg,
G˜SDi,A
(
∆E , θg, pTR, zcut, β, αs(µ)
)
LL
=
d
d∆E
d
dθg
exp
{
− αsCi
pi
[
1
β
ln2
(zcut
∆E
)
+ 2 ln zcut ln θg + β ln
2 θg
]}
. (3.5)
We extend this beyond LL using a factorization formula within SCET, for which the
modes correspond to red points at the intersections of the dashed lines in the left panel of
– 22 –
fig. 11. The parametric scaling of the momenta of the hard, collinear, soft, and collinear-
soft modes are summarized in table 3. (Because this is a refactorization of a collinear
function, these modes are strictly speaking hard-collinear, collinear, etc.) The resulting
factorization, differential in ∆E and θg, is given by
G˜SDi,A
(
∆E , θg, pTR, zcut, β, αs(µ)
)
(3.6)
NLL′
=
d
dθg
[
H˜i(pTR,µ)C
∈gr
i (θgpTR,µ) S˜i,G
(
zcutθ
1+β
g pTR, β, µ
)S˜NG+ACi (zcutθβg )
×
∫
d∆′E S˜i,X(∆′E , pTR, zcut, β, µ)Si,Z(∆E −∆′E , pTR,µ)SNGi (∆E)
]
.
The hard function H˜i is only sensitive to the jet scale and does not depend on ∆E and
θg. Note that for iterated soft drop this hard function was absent. The collinear function
C∈gri does not depend on ∆E , since collinear radiation is never groomed away. It can set
the measurement of θg (when the derivative acts on the collinear function), or account for
collinear emissions at smaller angles (when the derivative does not act on it). Next, the
collinear-soft function S˜i,G is sensitive to the soft drop grooming condition and can also set
the groomed radius of the jet θg. The three functions discussed so far also appear in the
NLL′ factorization of the soft drop groomed radius [13]. The collinear-soft function S˜i,X is
sensitive to both the ∆E measurement and the grooming condition, as the corresponding
emissions contribute to the jet energy drop if they fail the soft drop criterion. Finally, the
soft function Si,Z accounts for soft wide-angle radiation which is always groomed away. The
same functions S˜i,X and Si,Z enter in the factorization for iterated soft drop in eq. (2.19).
Interestingly, in regime A the dependence on ∆E and θg appears in separate parts of the
factorization formula.
There are two types of non-global logarithms in eq. (3.6) associated with ungroomed
and groomed jet boundary, R and Rg, respectively. These can be treated independently
as long as they are sufficiently separated, i.e. Rg  R. The NGLs at the ungroomed
jet boundary arise due to correlations of the out-of-jet region, where the radiation is un-
constrained (and thus has energies of order pT ), and the in-jet region, where wide-angle
radiation must have energies below ∆EpT . This is taken into account by the same non-
global soft function as the hemisphere case, SNGi (∆E). The S˜NG+ACi (zcutθβg ) arises at the
boundary of the groomed jet. Unlike the hard boundary of the initial ungroomed anti-
kT jet, it is sensitive clustering effects from C/A. This same contribution entered in the
resummation of the groomed jet radius [13], and is given by
S˜NG+ACi (zcutθβg ) = 1−
4
9
pi2
3
CiCA
(αs
2pi
)2
ln2
(
zcutθ
β
g
)
. (3.7)
The factor 4/9 compared to eq. (2.38) is due to clustering effects.
Here we present the one-loop expressions for the functions in eq. (3.6) that did not
appear for iterated soft drop. The hard function H˜i [87, 104], the collinear function C
∈gr
i
– 23 –
and the collinear-soft function S˜i,G [13] are given by
H˜q(pTR,µ) = 1 +
αsCF
pi
[
− ln2
(
µ
pTR
)
− 3
2
ln
(
µ
pTR
)
− 13
4
+
3pi2
8
]
, (3.8)
H˜g(pTR,µ) = 1 +
αs
pi
[
CA
(
− ln2
(
µ
pTR
)
− 5
24
+
3pi2
8
)
+
β0
2
(
− ln
(
µ
pTR
)
− 23
12
)]
, (3.9)
C∈grq (θgpTRµ) = 1 +
αsCF
pi
[
ln2
(
µ
θgpTR
)
+
3
2
ln
(
µ
θgpTR
)
+
13
4
− 3pi
2
8
]
,
(3.10)
C∈grg (θgpTR,µ) = 1 +
αs
pi
[
CA ln
2
(
µ
θgpTR
)
+
β0
2
ln
(
µ
θgpTR
)
+ CA
(
67
18
− 3pi
2
8
)
− TFnf 23
18
]
, (3.11)
S˜i,G(zcutθ1+βg pTR, β, µ) = 1 +
αsCi
pi(1 + β)
[
− ln2
(
µ
zcutθ
1+β
g pTR
)
+
pi2
24
]
. (3.12)
The functions S˜i,X and Si,Z are given in eq. (2.20) above. We have verified that combining
these ingredients agrees with the fixed-order result for ∆Gi in sec. 3.1, in the limit where
the factorization holds.
To resum the logarithms of ∆E , θg and zcut, we evaluate each of the ingredients in the
factorization formula in eq. (3.6) at their natural scale,
µH ∼ pTR , µC∈gr ∼ θgpTR , µS˜G ∼ zcutθ1+βg pTR , µSZ ∼ ∆E pTR ,
µS˜X ∼∆
(1+β)/β
E z
−1/β
cut pTR , (3.13)
and evolve them to a common scale µ. The RG equations for the new ingredients are
µ
d
dµ
H˜i (pTR,µ) = γ
H˜
i (pTR,µ) H˜i (pTR,µ) (3.14)
µ
d
dµ
C∈gri (θgpTR,µ) = γ
C∈gr
i (θgpTR,µ)C
∈gr
i (θgpTR,µ) , (3.15)
µ
d
dµ
S˜i,G(zcutθ1+βg pTR, β, µ) = γS˜i,Gi (zcutθ1+βg pTR, β, µ) S˜i,G(zcutθ1+βg pTR, β, µ) , (3.16)
and the one-loop expressions for these anomalous dimensions are given in appendix A.
3.2.2 Regime B
The Lund diagram for regime B is shown on the right side of fig. 11. Since in this case
θg > (∆E/zcut)
1/β, there is a white triangle between the dashed lines representing the
measurement of ∆E and the soft drop criterion which is not vetoed. This triangle corre-
sponds to emissions that fail the soft drop criterion and would give a value of ∆E that is
– 24 –
too large, except that the soft drop procedure has already terminated. Different than in
regime A, the measurements of ∆E and θg are not independent here. For regime B we
work differentially in the groomed radius θg. One emission sets the value of θg and other
emissions must be outside the shaded region with boundary θ/R = θg and z = ∆E . At LL
accuracy, the resummed result is
G˜SDi,B
(
∆E , pTR, zcut, β, θg, αs(µ)
) LL
= −αsCi
pi
2
θg
ln(zcutθ
β
g )
d
d∆E
exp
{
− 2αsCi
pi
ln ∆E ln θg
}
.
(3.17)
The LL result can again be extended to NLL′ using SCET. We identify a total of five
modes that contribute. Four of them correspond to the corners of the shaded region in
fig. 11, indicated by red points. In addition, there is a mode indicated by the green point
which is located at the intersection of the grooming condition and θ/R = θg. Since only
the emission that sets θg is sensitive to the soft drop condition, the collinear-soft S˜ ′i,G mode
only contributes if it sets θg and has a single emission (see the discussion in ref. [14] and
sec. 3.3). We find that the extension to NLL′, including non-global logarithms, can be
written as
G˜SDi,B
(
∆E , pTR, zcut, β, θg, αs(µ)
)
NLL′
= H˜i(pTR,µ)
[
d
dθg
C∈gri (θgpTR,µ) + C
∈gr
i (θgpTR,µ) S˜ ′i,G
(
θg, zcutθ
β
g pT , β, µ
)]
×
∫
d∆′E S˜i,Z(∆′E , θgpTR,µ)Si,Z(∆E −∆′E , pTR,µ)S˜NG+ACi (∆E)SNGi (∆E) . (3.18)
The function S˜ ′i,G at one-loop order is given by derivative of S˜i,G (in regime A) with respect
to θg. However, emissions in S˜ ′i,G which do not set θg are scaleless and hence, the associated
RG equation is given by
µ
d
dµ
S˜ ′i,G(θg, zcutθβg pT , β, µ) = −
d
dθg
γC
∈gr
i (θgpTR,µ) , (3.19)
as required for consistency of the factorization formula in eq. (3.18). The new collinear-soft
function S˜i,Z in eq. (3.18) is at one-loop order given by
S˜i,Z(∆E , θgpTR,µ) = δ(∆E) + αsCi
pi
{
− 2
[
ln ∆E
∆E
]
+
+
2
[∆E ]+
ln
(
µ
θgpTR
)
+ δ(∆E)
[
− ln2
(
µ
θgpTR
)
+
pi2
24
]}
. (3.20)
It satisfies the RG equation
µ
d
dµ
S˜i,Z (∆E , θgpTR,µ) =
∫
d∆′E γ
S˜Z
i
(
∆E −∆′E , θgpTR,µ
) S˜i,Z (∆′E , θgpTR,µ) , (3.21)
with the anomalous dimension again given in appendix A. The characteristic scales of the
ingredients in the factorization formulae for regime B are given by
µH ∼ pTR , µC∈gr ∼ θgpTR , µS˜′G ∼ zcutθ
1+β
g pTR , µSZ ∼ ∆E pTR ,
µS˜Z ∼∆E θg pTR . (3.22)
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✓ = Rg
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<latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNv f1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRu TnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNv f1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRu TnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNv f1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRu TnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNv f1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRu TnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit>
✓ = Rg
<latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ym srW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3Rzsvz rvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit><latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ym srW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3Rzsvz rvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit><latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ym srW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3Rzsvz rvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit><latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ym srW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3Rzsvz rvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit>
z =  E
<latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwDkyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye 3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L 8678zFvzTnZzCH8gfP5A4RtkGU=</latexit><latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwDkyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye 3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L 8678zFvzTnZzCH8gfP5A4RtkGU=</latexit><latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwDkyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye 3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L 8678zFvzTnZzCH8gfP5A4RtkGU=</latexit><latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwDkyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye 3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L 8678zFvzTnZzCH8gfP5A4RtkGU=</latexit>
⇥<latexit sha1_base64="tZaz6J4XS1WTTtLVKV7LOn5bymI=">AAAB7HicbVDLSgNBEOzxGeMr6tHLYBA8hV0R9Bjw4jGCeUCyhNnJbDJmdnaZ6RXCkn/w4EXFq//j0b9xkuxBEwsaiqpuurvCVEmLnvdN1tY 3Nre2Szvl3b39g8PK0XHLJpnhoskTlZhOyKxQUosmSlSikxrB4lCJdji+nfntJ2GsTPQDTlIRxGyoZSQ5Qye1eihjYfuVqlfz5qCrxC9IFQo0+pWv3iDhWSw0csWs7fpeikHODEquxLTcy6xIGR+zoeg6qplbEuTza6f03CkDGiXGlUY6V39P5Cy2dhKHrjNmOLLL3kz8z+tmGN0EudRphkLzxaIoUxQTOnudDqQRHNXEEcaNdLdSPmKGcXQBuQz85Y9XSeuy5ns1//6qWm8UaZTgFM7gAny4hjrcQQOawOERnuEV3ogmL+SdfCxa1 0gxcwJ/QD5/ADWAjzI=</latexit><latexit sha1_base64="tZaz6J4XS1WTTtLVKV7LOn5bymI=">AAAB7HicbVDLSgNBEOzxGeMr6tHLYBA8hV0R9Bjw4jGCeUCyhNnJbDJmdnaZ6RXCkn/w4EXFq//j0b9xkuxBEwsaiqpuurvCVEmLnvdN1tY 3Nre2Szvl3b39g8PK0XHLJpnhoskTlZhOyKxQUosmSlSikxrB4lCJdji+nfntJ2GsTPQDTlIRxGyoZSQ5Qye1eihjYfuVqlfz5qCrxC9IFQo0+pWv3iDhWSw0csWs7fpeikHODEquxLTcy6xIGR+zoeg6qplbEuTza6f03CkDGiXGlUY6V39P5Cy2dhKHrjNmOLLL3kz8z+tmGN0EudRphkLzxaIoUxQTOnudDqQRHNXEEcaNdLdSPmKGcXQBuQz85Y9XSeuy5ns1//6qWm8UaZTgFM7gAny4hjrcQQOawOERnuEV3ogmL+SdfCxa1 0gxcwJ/QD5/ADWAjzI=</latexit><latexit sha1_base64="tZaz6J4XS1WTTtLVKV7LOn5bymI=">AAAB7HicbVDLSgNBEOzxGeMr6tHLYBA8hV0R9Bjw4jGCeUCyhNnJbDJmdnaZ6RXCkn/w4EXFq//j0b9xkuxBEwsaiqpuurvCVEmLnvdN1tY 3Nre2Szvl3b39g8PK0XHLJpnhoskTlZhOyKxQUosmSlSikxrB4lCJdji+nfntJ2GsTPQDTlIRxGyoZSQ5Qye1eihjYfuVqlfz5qCrxC9IFQo0+pWv3iDhWSw0csWs7fpeikHODEquxLTcy6xIGR+zoeg6qplbEuTza6f03CkDGiXGlUY6V39P5Cy2dhKHrjNmOLLL3kz8z+tmGN0EudRphkLzxaIoUxQTOnudDqQRHNXEEcaNdLdSPmKGcXQBuQz85Y9XSeuy5ns1//6qWm8UaZTgFM7gAny4hjrcQQOawOERnuEV3ogmL+SdfCxa1 0gxcwJ/QD5/ADWAjzI=</latexit><latexit sha1_base64="tZaz6J4XS1WTTtLVKV7LOn5bymI=">AAAB7HicbVDLSgNBEOzxGeMr6tHLYBA8hV0R9Bjw4jGCeUCyhNnJbDJmdnaZ6RXCkn/w4EXFq//j0b9xkuxBEwsaiqpuurvCVEmLnvdN1tY 3Nre2Szvl3b39g8PK0XHLJpnhoskTlZhOyKxQUosmSlSikxrB4lCJdji+nfntJ2GsTPQDTlIRxGyoZSQ5Qye1eihjYfuVqlfz5qCrxC9IFQo0+pWv3iDhWSw0csWs7fpeikHODEquxLTcy6xIGR+zoeg6qplbEuTza6f03CkDGiXGlUY6V39P5Cy2dhKHrjNmOLLL3kz8z+tmGN0EudRphkLzxaIoUxQTOnudDqQRHNXEEcaNdLdSPmKGcXQBuQz85Y9XSeuy5ns1//6qWm8UaZTgFM7gAny4hjrcQQOawOERnuEV3ogmL+SdfCxa1 0gxcwJ/QD5/ADWAjzI=</latexit>
SG1
<latexit sha1_base64="3h2Aa5IKQ+hwKqfs8kgY0TZsMe8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2g 9oQ9lsJ+3azSbsboQS+h88eFHx6v/x6L9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbT6g0j+WDGSfoR3QgecgZNVZq3veyG2/SK1fcqjsDWSZeTiqQo94rf3X7MUsjlIYJqnXHcxPj Z1QZzgROSt1UY0LZiA6wY6mkEWo/m107ISdW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSEl37GZZIalGy+KEwFMTGZvk76XCEzYmwJZYrbWwkbUkWZsQHZDLzFj5dJ86zquVXv7rxSu8rTKMIRHMMpeHABNbiFOjSAwSM8wyu8OdJ5cd6dj3lrwclnDu EPnM8fpVyOyA==</latexit><latexit sha1_base64="3h2Aa5IKQ+hwKqfs8kgY0TZsMe8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2g 9oQ9lsJ+3azSbsboQS+h88eFHx6v/x6L9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbT6g0j+WDGSfoR3QgecgZNVZq3veyG2/SK1fcqjsDWSZeTiqQo94rf3X7MUsjlIYJqnXHcxPj Z1QZzgROSt1UY0LZiA6wY6mkEWo/m107ISdW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSEl37GZZIalGy+KEwFMTGZvk76XCEzYmwJZYrbWwkbUkWZsQHZDLzFj5dJ86zquVXv7rxSu8rTKMIRHMMpeHABNbiFOjSAwSM8wyu8OdJ5cd6dj3lrwclnDu EPnM8fpVyOyA==</latexit><latexit sha1_base64="3h2Aa5IKQ+hwKqfs8kgY0TZsMe8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2g 9oQ9lsJ+3azSbsboQS+h88eFHx6v/x6L9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbT6g0j+WDGSfoR3QgecgZNVZq3veyG2/SK1fcqjsDWSZeTiqQo94rf3X7MUsjlIYJqnXHcxPj Z1QZzgROSt1UY0LZiA6wY6mkEWo/m107ISdW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSEl37GZZIalGy+KEwFMTGZvk76XCEzYmwJZYrbWwkbUkWZsQHZDLzFj5dJ86zquVXv7rxSu8rTKMIRHMMpeHABNbiFOjSAwSM8wyu8OdJ5cd6dj3lrwclnDu EPnM8fpVyOyA==</latexit><latexit sha1_base64="3h2Aa5IKQ+hwKqfs8kgY0TZsMe8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2g 9oQ9lsJ+3azSbsboQS+h88eFHx6v/x6L9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbT6g0j+WDGSfoR3QgecgZNVZq3veyG2/SK1fcqjsDWSZeTiqQo94rf3X7MUsjlIYJqnXHcxPj Z1QZzgROSt1UY0LZiA6wY6mkEWo/m107ISdW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSEl37GZZIalGy+KEwFMTGZvk76XCEzYmwJZYrbWwkbUkWZsQHZDLzFj5dJ86zquVXv7rxSu8rTKMIRHMMpeHABNbiFOjSAwSM8wyu8OdJ5cd6dj3lrwclnDu EPnM8fpVyOyA==</latexit>
S˜G1
<latexit sha1_base64="XuxEszTn/v1YWO61ldYFD24l/zU=">AAACAHicbVBNS8NAEN3Ur1q/ql4EL8EieCqJCHosetB jRfsBTQibzaRdutmE3Y1QQjz4Wzx4UfHqv/Dov3HT5qCtDwYe780wM89PGJXKsr6NytLyyupadb22sbm1vVPf3evKOBUEOiRmsej7WAKjHDqKKgb9RACOfAY9f3xV+L0HEJLG/F5NEnAjPOQ0pAQrLXn1A0dRFkDmRFiNCGbZXZ572bWde/WG1bSmMBeJX ZIGKtH26l9OEJM0Aq4Iw1IObCtRboaFooRBXnNSCQkmYzyEgaYcRyDdbPpBbh5rJTDDWOjiypyqvycyHEk5iXzdWRwq571C/M8bpCq8cDPKk1QBJ7NFYcpMFZtFHGZABRDFJppgIqi+1SQjLDBROjSdgT3/8SLpnjZtq2nfnjVal2UaVXSIjtAJstE5aq Eb1EYdRNAjekav6M14Ml6Md+Nj1loxypl99AfG5w+ZZZdB</latexit><latexit sha1_base64="XuxEszTn/v1YWO61ldYFD24l/zU=">AAACAHicbVBNS8NAEN3Ur1q/ql4EL8EieCqJCHosetB jRfsBTQibzaRdutmE3Y1QQjz4Wzx4UfHqv/Dov3HT5qCtDwYe780wM89PGJXKsr6NytLyyupadb22sbm1vVPf3evKOBUEOiRmsej7WAKjHDqKKgb9RACOfAY9f3xV+L0HEJLG/F5NEnAjPOQ0pAQrLXn1A0dRFkDmRFiNCGbZXZ572bWde/WG1bSmMBeJX ZIGKtH26l9OEJM0Aq4Iw1IObCtRboaFooRBXnNSCQkmYzyEgaYcRyDdbPpBbh5rJTDDWOjiypyqvycyHEk5iXzdWRwq571C/M8bpCq8cDPKk1QBJ7NFYcpMFZtFHGZABRDFJppgIqi+1SQjLDBROjSdgT3/8SLpnjZtq2nfnjVal2UaVXSIjtAJstE5aq Eb1EYdRNAjekav6M14Ml6Md+Nj1loxypl99AfG5w+ZZZdB</latexit><latexit sha1_base64="XuxEszTn/v1YWO61ldYFD24l/zU=">AAACAHicbVBNS8NAEN3Ur1q/ql4EL8EieCqJCHosetB jRfsBTQibzaRdutmE3Y1QQjz4Wzx4UfHqv/Dov3HT5qCtDwYe780wM89PGJXKsr6NytLyyupadb22sbm1vVPf3evKOBUEOiRmsej7WAKjHDqKKgb9RACOfAY9f3xV+L0HEJLG/F5NEnAjPOQ0pAQrLXn1A0dRFkDmRFiNCGbZXZ572bWde/WG1bSmMBeJX ZIGKtH26l9OEJM0Aq4Iw1IObCtRboaFooRBXnNSCQkmYzyEgaYcRyDdbPpBbh5rJTDDWOjiypyqvycyHEk5iXzdWRwq571C/M8bpCq8cDPKk1QBJ7NFYcpMFZtFHGZABRDFJppgIqi+1SQjLDBROjSdgT3/8SLpnjZtq2nfnjVal2UaVXSIjtAJstE5aq Eb1EYdRNAjekav6M14Ml6Md+Nj1loxypl99AfG5w+ZZZdB</latexit><latexit sha1_base64="XuxEszTn/v1YWO61ldYFD24l/zU=">AAACAHicbVBNS8NAEN3Ur1q/ql4EL8EieCqJCHosetB jRfsBTQibzaRdutmE3Y1QQjz4Wzx4UfHqv/Dov3HT5qCtDwYe780wM89PGJXKsr6NytLyyupadb22sbm1vVPf3evKOBUEOiRmsej7WAKjHDqKKgb9RACOfAY9f3xV+L0HEJLG/F5NEnAjPOQ0pAQrLXn1A0dRFkDmRFiNCGbZXZ572bWde/WG1bSmMBeJX ZIGKtH26l9OEJM0Aq4Iw1IObCtRboaFooRBXnNSCQkmYzyEgaYcRyDdbPpBbh5rJTDDWOjiypyqvycyHEk5iXzdWRwq571C/M8bpCq8cDPKk1QBJ7NFYcpMFZtFHGZABRDFJppgIqi+1SQjLDBROjSdgT3/8SLpnjZtq2nfnjVal2UaVXSIjtAJstE5aq Eb1EYdRNAjekav6M14Ml6Md+Nj1loxypl99AfG5w+ZZZdB</latexit>
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Figure 12. Lund diagram analysis in which regime B is written as a conditional probability for
∆E given a value of θg, and the θg cross section.
The structure of the non-global logarithms is very similar to regime A, except that the
argument of S˜NG+ACi , describing the NGLs at the groomed boundary, is now ∆E instead
of zcutθ
β
g . To understand this change, remember that these NGLs arise from correlated
emissions inside and outside the groomed jet radius. Emissions inside are unconstrained
(i.e. have energy of order pT ), while the energy of emissions outside is constrained to be
below ∆EpT , which for regime B is more restrictive than the grooming condition.
3.3 Conditional probability
An alternative way of obtaining the global structure of the factorization for regime B is
by means of a conditional probability, which is how the jet energy drop was calculated in
ref. [7] at (modified) LL accuracy. We describe how this arises in our SCET framework,
providing additional insight on the origin of S˜ ′i,G.
The starting point is to write the double differential GSDi,B
(
∆E , θg
)
as
G˜SDi,B
(
∆E , θg
)
= G˜SDi (∆E | θg)× G˜SDi (θg), (3.23)
where for brevity we suppress arguments other than ∆E and θg. G˜SDi (∆E | θg) denotes the
conditional probability to obtain a certain energy drop ∆E for a given θg, i.e. it treats θg as
a fixed parameter just like the jet radius R. G˜SDi (θg) represents the probability distribution
of having a specific value of θg, calculated to NLL
′ in ref. [13].
This decomposition can also be understood in terms of the Lund plane, as seen in
fig. 12. Here the conditional probability is depicted by the Lund plane with a blue vetoed
area, while the one with a red vetoed area represents the θg distribution. In contrast to
the double differential case, for the conditional probability emissions outside the groomed
radius that pass the SD condition are now allowed since Rg is treated as a fixed parameter.
The relevant modes are again indicated as red dots on the corners, leading to the following
factorization for each of these pieces:
G˜SDi (∆E | θg) = S˜i,G2
(
zcutθ
1+β
g pT , β, µ
)
Si,G2
(
zcutpTR, β, µ
)
(3.24)
×
∫
d∆′E S˜i,Z(∆′E , θgpTR,µ)Si,Z(∆E −∆′E , pTR,µ) ,
G˜SDi (θg) =
d
dθg
[
H˜i(pTR,µ)C
∈gr
i (θgpTR,µ) S˜i,G1
(
zcutθ
1+β
g pT , β, µ
)
Si,G1
(
zcutpTR, β, µ
)]
.
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<latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8N AEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWC pS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgE RK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble 4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8N AEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWC pS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgE RK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble 4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8N AEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWC pS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgE RK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble 4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8N AEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWC pS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgE RK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble 4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit>
collinear
<latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/ 8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliU ZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/ 8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliU ZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/ 8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliU ZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/ 8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliU ZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit>
ln
1
z
<latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw= ">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IO FMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6x wXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjh fp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1Wjf lGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw= ">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IO FMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6x wXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjh fp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1Wjf lGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw= ">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IO FMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6x wXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjh fp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1Wjf lGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw= ">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IO FMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6x wXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjh fp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1Wjf lGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit>
ln
R
✓
<latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuh KWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JI Z0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwc ln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuh KWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JI Z0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwc ln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuh KWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JI Z0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwc ln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuh KWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JI Z0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwc ln9skfOJ8/SQSVZQ==</latexit>
  = 0
<latexit sha1_base64="622c1ufUF10lGF33SoGH3DyUcIs=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoBch6MVjBPOA ZAmzk95kyOzMMtMrhJCP8OBFxavf49G/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0+rMcGhwLbVpR8yCFAoaKFBCOzXAkkhCKxrdzfzWExgrtHrEcQphwgZKxIIzdFKrGwGyG79XrvhVfw66SoKcVEiOeq/81e1rniWgkEtmbSfwUwwnzKDgEqa lbmYhZXzEBtBxVLEEbDiZnzulZ07p01gbVwrpXP09MWGJteMkcp0Jw6Fd9mbif14nw/g6nAiVZgiKLxbFmaSo6ex32hcGOMqxI4wb4W6lfMgM4+gSchkEyx+vkuZFNfCrwcNlpXabp1EkJ+SUnJOAXJEauSd10iCcjMgzeSVvnvZevHfvY9Fa8PKZY/IH3ucPMlePFQ ==</latexit><latexit sha1_base64="622c1ufUF10lGF33SoGH3DyUcIs=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoBch6MVjBPOA ZAmzk95kyOzMMtMrhJCP8OBFxavf49G/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0+rMcGhwLbVpR8yCFAoaKFBCOzXAkkhCKxrdzfzWExgrtHrEcQphwgZKxIIzdFKrGwGyG79XrvhVfw66SoKcVEiOeq/81e1rniWgkEtmbSfwUwwnzKDgEqa lbmYhZXzEBtBxVLEEbDiZnzulZ07p01gbVwrpXP09MWGJteMkcp0Jw6Fd9mbif14nw/g6nAiVZgiKLxbFmaSo6ex32hcGOMqxI4wb4W6lfMgM4+gSchkEyx+vkuZFNfCrwcNlpXabp1EkJ+SUnJOAXJEauSd10iCcjMgzeSVvnvZevHfvY9Fa8PKZY/IH3ucPMlePFQ ==</latexit><latexit sha1_base64="622c1ufUF10lGF33SoGH3DyUcIs=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoBch6MVjBPOA ZAmzk95kyOzMMtMrhJCP8OBFxavf49G/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0+rMcGhwLbVpR8yCFAoaKFBCOzXAkkhCKxrdzfzWExgrtHrEcQphwgZKxIIzdFKrGwGyG79XrvhVfw66SoKcVEiOeq/81e1rniWgkEtmbSfwUwwnzKDgEqa lbmYhZXzEBtBxVLEEbDiZnzulZ07p01gbVwrpXP09MWGJteMkcp0Jw6Fd9mbif14nw/g6nAiVZgiKLxbFmaSo6ex32hcGOMqxI4wb4W6lfMgM4+gSchkEyx+vkuZFNfCrwcNlpXabp1EkJ+SUnJOAXJEauSd10iCcjMgzeSVvnvZevHfvY9Fa8PKZY/IH3ucPMlePFQ ==</latexit><latexit sha1_base64="622c1ufUF10lGF33SoGH3DyUcIs=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoBch6MVjBPOA ZAmzk95kyOzMMtMrhJCP8OBFxavf49G/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0+rMcGhwLbVpR8yCFAoaKFBCOzXAkkhCKxrdzfzWExgrtHrEcQphwgZKxIIzdFKrGwGyG79XrvhVfw66SoKcVEiOeq/81e1rniWgkEtmbSfwUwwnzKDgEqa lbmYhZXzEBtBxVLEEbDiZnzulZ07p01gbVwrpXP09MWGJteMkcp0Jw6Fd9mbif14nw/g6nAiVZgiKLxbFmaSo6ex32hcGOMqxI4wb4W6lfMgM4+gSchkEyx+vkuZFNfCrwcNlpXabp1EkJ+SUnJOAXJEauSd10iCcjMgzeSVvnvZevHfvY9Fa8PKZY/IH3ucPMlePFQ ==</latexit>
z = zcut<latexit sha1_base64="hypSexO8GIccPHS6mg87nNWkQ1k=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKYC9CwYvHCrYV 2qVk02wbmmTXZCK0S3+HBy8qXv0xHv03pu0etPXBwOO9GWbmRangBnz/2yusrW9sbhW3Szu7e/sH5cOjlkmspqxJE5Hoh4gYJrhiTeAg2EOqGZGRYO1odDPz209MG56oexinLJRkoHjMKQEnhZPrSS/raomphWmvXPGr/hx4lQQ5qaAcjV75q9tPqJVMARXEmE7gpxB mRAOngk1LXWtYSuiIDFjHUUUkM2E2P3qKz5zSx3GiXSnAc/X3REakMWMZuU5JYGiWvZn4n9exENfCjKvUAlN0sSi2AkOCZwngPteMghg7Qqjm7lZMh0QTCi4nl0Gw/PEqaV1UA78a3F1W6rU8jSI6QafoHAXoCtXRLWqgJqLoET2jV/TmWe/Fe/c+Fq0FL585Rn/gff 4AW1eSEQ==</latexit><latexit sha1_base64="hypSexO8GIccPHS6mg87nNWkQ1k=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKYC9CwYvHCrYV 2qVk02wbmmTXZCK0S3+HBy8qXv0xHv03pu0etPXBwOO9GWbmRangBnz/2yusrW9sbhW3Szu7e/sH5cOjlkmspqxJE5Hoh4gYJrhiTeAg2EOqGZGRYO1odDPz209MG56oexinLJRkoHjMKQEnhZPrSS/raomphWmvXPGr/hx4lQQ5qaAcjV75q9tPqJVMARXEmE7gpxB mRAOngk1LXWtYSuiIDFjHUUUkM2E2P3qKz5zSx3GiXSnAc/X3REakMWMZuU5JYGiWvZn4n9exENfCjKvUAlN0sSi2AkOCZwngPteMghg7Qqjm7lZMh0QTCi4nl0Gw/PEqaV1UA78a3F1W6rU8jSI6QafoHAXoCtXRLWqgJqLoET2jV/TmWe/Fe/c+Fq0FL585Rn/gff 4AW1eSEQ==</latexit><latexit sha1_base64="hypSexO8GIccPHS6mg87nNWkQ1k=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKYC9CwYvHCrYV 2qVk02wbmmTXZCK0S3+HBy8qXv0xHv03pu0etPXBwOO9GWbmRangBnz/2yusrW9sbhW3Szu7e/sH5cOjlkmspqxJE5Hoh4gYJrhiTeAg2EOqGZGRYO1odDPz209MG56oexinLJRkoHjMKQEnhZPrSS/raomphWmvXPGr/hx4lQQ5qaAcjV75q9tPqJVMARXEmE7gpxB mRAOngk1LXWtYSuiIDFjHUUUkM2E2P3qKz5zSx3GiXSnAc/X3REakMWMZuU5JYGiWvZn4n9exENfCjKvUAlN0sSi2AkOCZwngPteMghg7Qqjm7lZMh0QTCi4nl0Gw/PEqaV1UA78a3F1W6rU8jSI6QafoHAXoCtXRLWqgJqLoET2jV/TmWe/Fe/c+Fq0FL585Rn/gff 4AW1eSEQ==</latexit><latexit sha1_base64="hypSexO8GIccPHS6mg87nNWkQ1k=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKYC9CwYvHCrYV 2qVk02wbmmTXZCK0S3+HBy8qXv0xHv03pu0etPXBwOO9GWbmRangBnz/2yusrW9sbhW3Szu7e/sH5cOjlkmspqxJE5Hoh4gYJrhiTeAg2EOqGZGRYO1odDPz209MG56oexinLJRkoHjMKQEnhZPrSS/raomphWmvXPGr/hx4lQQ5qaAcjV75q9tPqJVMARXEmE7gpxB mRAOngk1LXWtYSuiIDFjHUUUkM2E2P3qKz5zSx3GiXSnAc/X3REakMWMZuU5JYGiWvZn4n9exENfCjKvUAlN0sSi2AkOCZwngPteMghg7Qqjm7lZMh0QTCi4nl0Gw/PEqaV1UA78a3F1W6rU8jSI6QafoHAXoCtXRLWqgJqLoET2jV/TmWe/Fe/c+Fq0FL585Rn/gff 4AW1eSEQ==</latexit>
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 E<latexit sha1_base64="jTceilqPN76+RZNLa5tdlGkf31w= ">AAAB/nicbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLosPsBlBfuAJpTJdNIOnUzCzEQoMeC3uHCj4tbfcOnfOG2z0NYDFw7n3Mu99w QJZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HVxG8/UKlYLO71OKF+hAeChYxgbaSef eBxgbxQYpK5eeZdU65x7ybv2VWn5kyBFolbkCoUaPTsL68fkzSiQhOOleq6TqL9DEvNCKd5xUsVTTAZ4QHtGipwRJWfTe/P0bFR+ iiMpSmh0VT9PZHhSKlxFJjOCOuhmvcm4n9eN9XhhZ8xkaSaCjJbFKYc6RhNwkB9JinRfGwIJpKZWxEZYhOGNpGZDNz5jxdJ67Tm OjX37qxavyzSKMMhHMEJuHAOdbiFBjSBwCM8wyu8WU/Wi/VufcxaS1Yxsw9/YH3+ACRNldA=</latexit><latexit sha1_base64="jTceilqPN76+RZNLa5tdlGkf31w= ">AAAB/nicbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLosPsBlBfuAJpTJdNIOnUzCzEQoMeC3uHCj4tbfcOnfOG2z0NYDFw7n3Mu99w QJZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HVxG8/UKlYLO71OKF+hAeChYxgbaSef eBxgbxQYpK5eeZdU65x7ybv2VWn5kyBFolbkCoUaPTsL68fkzSiQhOOleq6TqL9DEvNCKd5xUsVTTAZ4QHtGipwRJWfTe/P0bFR+ iiMpSmh0VT9PZHhSKlxFJjOCOuhmvcm4n9eN9XhhZ8xkaSaCjJbFKYc6RhNwkB9JinRfGwIJpKZWxEZYhOGNpGZDNz5jxdJ67Tm OjX37qxavyzSKMMhHMEJuHAOdbiFBjSBwCM8wyu8WU/Wi/VufcxaS1Yxsw9/YH3+ACRNldA=</latexit><latexit sha1_base64="jTceilqPN76+RZNLa5tdlGkf31w= ">AAAB/nicbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLosPsBlBfuAJpTJdNIOnUzCzEQoMeC3uHCj4tbfcOnfOG2z0NYDFw7n3Mu99w QJZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HVxG8/UKlYLO71OKF+hAeChYxgbaSef eBxgbxQYpK5eeZdU65x7ybv2VWn5kyBFolbkCoUaPTsL68fkzSiQhOOleq6TqL9DEvNCKd5xUsVTTAZ4QHtGipwRJWfTe/P0bFR+ iiMpSmh0VT9PZHhSKlxFJjOCOuhmvcm4n9eN9XhhZ8xkaSaCjJbFKYc6RhNwkB9JinRfGwIJpKZWxEZYhOGNpGZDNz5jxdJ67Tm OjX37qxavyzSKMMhHMEJuHAOdbiFBjSBwCM8wyu8WU/Wi/VufcxaS1Yxsw9/YH3+ACRNldA=</latexit><latexit sha1_base64="jTceilqPN76+RZNLa5tdlGkf31w= ">AAAB/nicbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLosPsBlBfuAJpTJdNIOnUzCzEQoMeC3uHCj4tbfcOnfOG2z0NYDFw7n3Mu99w QJZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HVxG8/UKlYLO71OKF+hAeChYxgbaSef eBxgbxQYpK5eeZdU65x7ybv2VWn5kyBFolbkCoUaPTsL68fkzSiQhOOleq6TqL9DEvNCKd5xUsVTTAZ4QHtGipwRJWfTe/P0bFR+ iiMpSmh0VT9PZHhSKlxFJjOCOuhmvcm4n9eN9XhhZ8xkaSaCjJbFKYc6RhNwkB9JinRfGwIJpKZWxEZYhOGNpGZDNz5jxdJ67Tm OjX37qxavyzSKMMhHMEJuHAOdbiFBjSBwCM8wyu8WU/Wi/VufcxaS1Yxsw9/YH3+ACRNldA=</latexit>
z =  E
<latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwD kyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VO qDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L8678zFvzTnZzCH8gfP5A4 RtkGU=</latexit><latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwD kyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VO qDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L8678zFvzTnZzCH8gfP5A4 RtkGU=</latexit><latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwD kyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VO qDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L8678zFvzTnZzCH8gfP5A4 RtkGU=</latexit><latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwD kyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VO qDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L8678zFvzTnZzCH8gfP5A4 RtkGU=</latexit>
 E ⌧ zcut ⌧ 1
<latexit sha1_base64="6WHYLkTEPTjhBEOXCz9vwrmQV0Y=">AAACBnicbVDLSsNAFJ34rPUVdSnIYBFclUQEXRYf4LKCfUAT wmQ6aYdOJmHmRqihOxd+iws3Km79BZf+jdM2C209cOHMOfcy954wFVyD43xbC4tLyyurpbXy+sbm1ra9s9vUSaYoa9BEJKodEs0El6wBHARrp4qROBSsFQ4ux37rninNE3kHw5T5MelJHnFKwEiBfeBdMQEkuMaeEPghyD0VY5rBaPJ2A7viVJ0J8DxxC1JBBeqB/eV 1E5rFTAIVROuO66Tg50QBp4KNyl6mWUrogPRYx1BJYqb9fHLHCB8ZpYujRJmSgCfq74mcxFoP49B0xgT6etYbi/95nQyicz/nMs2ASTr9KMoEhgSPQ8FdrhgFMTSEUMXNrpj2iSIUTHQmA3f24nnSPKm6TtW9Pa3ULoo0SmgfHaJj5KIzVEM3qI4aiKJH9Ixe0Zv1ZL 1Y79bHtHXBKmb20B9Ynz/Ms5hC</latexit><latexit sha1_base64="6WHYLkTEPTjhBEOXCz9vwrmQV0Y=">AAACBnicbVDLSsNAFJ34rPUVdSnIYBFclUQEXRYf4LKCfUAT wmQ6aYdOJmHmRqihOxd+iws3Km79BZf+jdM2C209cOHMOfcy954wFVyD43xbC4tLyyurpbXy+sbm1ra9s9vUSaYoa9BEJKodEs0El6wBHARrp4qROBSsFQ4ux37rninNE3kHw5T5MelJHnFKwEiBfeBdMQEkuMaeEPghyD0VY5rBaPJ2A7viVJ0J8DxxC1JBBeqB/eV 1E5rFTAIVROuO66Tg50QBp4KNyl6mWUrogPRYx1BJYqb9fHLHCB8ZpYujRJmSgCfq74mcxFoP49B0xgT6etYbi/95nQyicz/nMs2ASTr9KMoEhgSPQ8FdrhgFMTSEUMXNrpj2iSIUTHQmA3f24nnSPKm6TtW9Pa3ULoo0SmgfHaJj5KIzVEM3qI4aiKJH9Ixe0Zv1ZL 1Y79bHtHXBKmb20B9Ynz/Ms5hC</latexit><latexit sha1_base64="6WHYLkTEPTjhBEOXCz9vwrmQV0Y=">AAACBnicbVDLSsNAFJ34rPUVdSnIYBFclUQEXRYf4LKCfUAT wmQ6aYdOJmHmRqihOxd+iws3Km79BZf+jdM2C209cOHMOfcy954wFVyD43xbC4tLyyurpbXy+sbm1ra9s9vUSaYoa9BEJKodEs0El6wBHARrp4qROBSsFQ4ux37rninNE3kHw5T5MelJHnFKwEiBfeBdMQEkuMaeEPghyD0VY5rBaPJ2A7viVJ0J8DxxC1JBBeqB/eV 1E5rFTAIVROuO66Tg50QBp4KNyl6mWUrogPRYx1BJYqb9fHLHCB8ZpYujRJmSgCfq74mcxFoP49B0xgT6etYbi/95nQyicz/nMs2ASTr9KMoEhgSPQ8FdrhgFMTSEUMXNrpj2iSIUTHQmA3f24nnSPKm6TtW9Pa3ULoo0SmgfHaJj5KIzVEM3qI4aiKJH9Ixe0Zv1ZL 1Y79bHtHXBKmb20B9Ynz/Ms5hC</latexit><latexit sha1_base64="6WHYLkTEPTjhBEOXCz9vwrmQV0Y=">AAACBnicbVDLSsNAFJ34rPUVdSnIYBFclUQEXRYf4LKCfUAT wmQ6aYdOJmHmRqihOxd+iws3Km79BZf+jdM2C209cOHMOfcy954wFVyD43xbC4tLyyurpbXy+sbm1ra9s9vUSaYoa9BEJKodEs0El6wBHARrp4qROBSsFQ4ux37rninNE3kHw5T5MelJHnFKwEiBfeBdMQEkuMaeEPghyD0VY5rBaPJ2A7viVJ0J8DxxC1JBBeqB/eV 1E5rFTAIVROuO66Tg50QBp4KNyl6mWUrogPRYx1BJYqb9fHLHCB8ZpYujRJmSgCfq74mcxFoP49B0xgT6etYbi/95nQyicz/nMs2ASTr9KMoEhgSPQ8FdrhgFMTSEUMXNrpj2iSIUTHQmA3f24nnSPKm6TtW9Pa3ULoo0SmgfHaJj5KIzVEM3qI4aiKJH9Ixe0Zv1ZL 1Y79bHtHXBKmb20B9Ynz/Ms5hC</latexit>
S˜ 0G
<latexit sha1_base64="LW0KFaBgN4hZlNo0JIAJrePWwqU=">AAAB/nicbVDLSsNAFJ34rPUVFdy4CRbRVUlE0GXRhS4r2gc0 IUwmt+3QySTMTIQSA36LCzcqbv0Nl/6NkzYLbT0wcDjnXu6ZEySMSmXb38bC4tLyymplrbq+sbm1be7stmWcCgItErNYdAMsgVEOLUUVg24iAEcBg04wuir8zgMISWN+r8YJeBEecNqnBCst+ea+qygLIXMjrIYEs+wuz4/9a9+s2XV7AmueOCWpoRJN3/xyw5ikEXB FGJay59iJ8jIsFCUM8qqbSkgwGeEB9DTlOALpZZP8uXWkldDqx0I/rqyJ+nsjw5GU4yjQk0VMOesV4n9eL1X9Cy+jPEkVcDI91E+ZpWKrKMMKqQCi2FgTTATVWS0yxAITpSvTHTizP54n7dO6Y9ed27Na47Jso4IO0CE6QQ46Rw10g5qohQh6RM/oFb0ZT8aL8W58TE cXjHJnD/2B8fkDthqWKw==</latexit><latexit sha1_base64="LW0KFaBgN4hZlNo0JIAJrePWwqU=">AAAB/nicbVDLSsNAFJ34rPUVFdy4CRbRVUlE0GXRhS4r2gc0 IUwmt+3QySTMTIQSA36LCzcqbv0Nl/6NkzYLbT0wcDjnXu6ZEySMSmXb38bC4tLyymplrbq+sbm1be7stmWcCgItErNYdAMsgVEOLUUVg24iAEcBg04wuir8zgMISWN+r8YJeBEecNqnBCst+ea+qygLIXMjrIYEs+wuz4/9a9+s2XV7AmueOCWpoRJN3/xyw5ikEXB FGJay59iJ8jIsFCUM8qqbSkgwGeEB9DTlOALpZZP8uXWkldDqx0I/rqyJ+nsjw5GU4yjQk0VMOesV4n9eL1X9Cy+jPEkVcDI91E+ZpWKrKMMKqQCi2FgTTATVWS0yxAITpSvTHTizP54n7dO6Y9ed27Na47Jso4IO0CE6QQ46Rw10g5qohQh6RM/oFb0ZT8aL8W58TE cXjHJnD/2B8fkDthqWKw==</latexit><latexit sha1_base64="LW0KFaBgN4hZlNo0JIAJrePWwqU=">AAAB/nicbVDLSsNAFJ34rPUVFdy4CRbRVUlE0GXRhS4r2gc0 IUwmt+3QySTMTIQSA36LCzcqbv0Nl/6NkzYLbT0wcDjnXu6ZEySMSmXb38bC4tLyymplrbq+sbm1be7stmWcCgItErNYdAMsgVEOLUUVg24iAEcBg04wuir8zgMISWN+r8YJeBEecNqnBCst+ea+qygLIXMjrIYEs+wuz4/9a9+s2XV7AmueOCWpoRJN3/xyw5ikEXB FGJay59iJ8jIsFCUM8qqbSkgwGeEB9DTlOALpZZP8uXWkldDqx0I/rqyJ+nsjw5GU4yjQk0VMOesV4n9eL1X9Cy+jPEkVcDI91E+ZpWKrKMMKqQCi2FgTTATVWS0yxAITpSvTHTizP54n7dO6Y9ed27Na47Jso4IO0CE6QQ46Rw10g5qohQh6RM/oFb0ZT8aL8W58TE cXjHJnD/2B8fkDthqWKw==</latexit><latexit sha1_base64="LW0KFaBgN4hZlNo0JIAJrePWwqU=">AAAB/nicbVDLSsNAFJ34rPUVFdy4CRbRVUlE0GXRhS4r2gc0 IUwmt+3QySTMTIQSA36LCzcqbv0Nl/6NkzYLbT0wcDjnXu6ZEySMSmXb38bC4tLyymplrbq+sbm1be7stmWcCgItErNYdAMsgVEOLUUVg24iAEcBg04wuir8zgMISWN+r8YJeBEecNqnBCst+ea+qygLIXMjrIYEs+wuz4/9a9+s2XV7AmueOCWpoRJN3/xyw5ikEXB FGJay59iJ8jIsFCUM8qqbSkgwGeEB9DTlOALpZZP8uXWkldDqx0I/rqyJ+nsjw5GU4yjQk0VMOesV4n9eL1X9Cy+jPEkVcDI91E+ZpWKrKMMKqQCi2FgTTATVWS0yxAITpSvTHTizP54n7dO6Y9ed27Na47Jso4IO0CE6QQ46Rw10g5qohQh6RM/oFb0ZT8aL8W58TE cXjHJnD/2B8fkDthqWKw==</latexit>
S˜Z
<latexit sha1_base64="8g6pUa7E7jqgShXbdqXEaTeEMqo=">AAAB/XicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWtLXY hDCZTNqhkwczE6GE4Le4cKPi1u9w6d84abPQ1gMDh3Pu5Z45fsqZVJb1bdSWlldW1+rrjY3Nre0dc3evJ5NMENolCU9E38eSchbTrmKK034qKI58Tu/98VXp3z9SIVkS36lJSt0ID2MWMoKVljzzwFGMBzR3IqxGBPP8tii8B89sWi1rCrRI7Io0oULHM7+cICFZRGN FOJZyYFupcnMsFCOcFg0nkzTFZIyHdKBpjCMq3Xwav0DHWglQmAj9YoWm6u+NHEdSTiJfT5Yp5bxXiv95g0yFF27O4jRTNCazQ2HGkUpQ2QUKmKBE8YkmmAimsyIywgITpRvTHdjzP14kvdOWbbXsm7Nm+7Jqow6HcAQnYMM5tOEaOtAFAjk8wyu8GU/Gi/FufMxGa0 a1sw9/YHz+AGp/lg0=</latexit><latexit sha1_base64="8g6pUa7E7jqgShXbdqXEaTeEMqo=">AAAB/XicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWtLXY hDCZTNqhkwczE6GE4Le4cKPi1u9w6d84abPQ1gMDh3Pu5Z45fsqZVJb1bdSWlldW1+rrjY3Nre0dc3evJ5NMENolCU9E38eSchbTrmKK034qKI58Tu/98VXp3z9SIVkS36lJSt0ID2MWMoKVljzzwFGMBzR3IqxGBPP8tii8B89sWi1rCrRI7Io0oULHM7+cICFZRGN FOJZyYFupcnMsFCOcFg0nkzTFZIyHdKBpjCMq3Xwav0DHWglQmAj9YoWm6u+NHEdSTiJfT5Yp5bxXiv95g0yFF27O4jRTNCazQ2HGkUpQ2QUKmKBE8YkmmAimsyIywgITpRvTHdjzP14kvdOWbbXsm7Nm+7Jqow6HcAQnYMM5tOEaOtAFAjk8wyu8GU/Gi/FufMxGa0 a1sw9/YHz+AGp/lg0=</latexit><latexit sha1_base64="8g6pUa7E7jqgShXbdqXEaTeEMqo=">AAAB/XicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWtLXY hDCZTNqhkwczE6GE4Le4cKPi1u9w6d84abPQ1gMDh3Pu5Z45fsqZVJb1bdSWlldW1+rrjY3Nre0dc3evJ5NMENolCU9E38eSchbTrmKK034qKI58Tu/98VXp3z9SIVkS36lJSt0ID2MWMoKVljzzwFGMBzR3IqxGBPP8tii8B89sWi1rCrRI7Io0oULHM7+cICFZRGN FOJZyYFupcnMsFCOcFg0nkzTFZIyHdKBpjCMq3Xwav0DHWglQmAj9YoWm6u+NHEdSTiJfT5Yp5bxXiv95g0yFF27O4jRTNCazQ2HGkUpQ2QUKmKBE8YkmmAimsyIywgITpRvTHdjzP14kvdOWbbXsm7Nm+7Jqow6HcAQnYMM5tOEaOtAFAjk8wyu8GU/Gi/FufMxGa0 a1sw9/YHz+AGp/lg0=</latexit><latexit sha1_base64="8g6pUa7E7jqgShXbdqXEaTeEMqo=">AAAB/XicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWtLXY hDCZTNqhkwczE6GE4Le4cKPi1u9w6d84abPQ1gMDh3Pu5Z45fsqZVJb1bdSWlldW1+rrjY3Nre0dc3evJ5NMENolCU9E38eSchbTrmKK034qKI58Tu/98VXp3z9SIVkS36lJSt0ID2MWMoKVljzzwFGMBzR3IqxGBPP8tii8B89sWi1rCrRI7Io0oULHM7+cICFZRGN FOJZyYFupcnMsFCOcFg0nkzTFZIyHdKBpjCMq3Xwav0DHWglQmAj9YoWm6u+NHEdSTiJfT5Yp5bxXiv95g0yFF27O4jRTNCazQ2HGkUpQ2QUKmKBE8YkmmAimsyIywgITpRvTHdjzP14kvdOWbbXsm7Nm+7Jqow6HcAQnYMM5tOEaOtAFAjk8wyu8GU/Gi/FufMxGa0 a1sw9/YHz+AGp/lg0=</latexit>
SZ
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Figure 13. The Lund diagram for the jet energy drop with soft drop grooming and β = 0.
We now note that the modes SG1 and SG2 are defined in a similar way: the former
vetoes emissions that pass the grooming condition, whereas the latter vetoes emissions that
fail said condition. This translates to a minus sign difference in the αs term of these two
functions, i.e. SG1 × SG2 = 1 + O(α2s), removing their contribution. Of course this holds
also for multiple independent emissions, exponentiating the one-loop soft function, which
is why there is no such mode in the factorization for regime B in eq. (3.18). Similarly, for
S˜G1 and S˜G2 we have S˜G1 × S˜G2 = 1 + O(α2s). However, in this case the derivative with
respect to θg in eq. (3.24) between S˜i,G1 and S˜i,G2 prevents them from cancelling, leaving
exactly S˜ ′i,G as remainder. Thus we reproduce the factorization theorem for regime B in
(3.18), apart from non-global logarithms.
3.4 β = 0 and Sudakov safety
Soft drop with β = 0 corresponds to the modified mass drop tagger of ref. [91]. It is a
special case, because the jet energy drop is not IRC safe, as is clear when taking β → 0 in
the fixed-order result for GSDi in eq. (3.2). With a cut θg > θcg > 0, it is IRC safe. As was
found in ref. [7], the jet energy drop is Sudakov safe, allowing us to safely take the β → 0
limit of the cross section in which the logarithms of ∆E and θg are jointly resummed. This
works because the Sudakov factor arising from the resummation regularizes the divergence.
(See ref. [70] for a discussion of Sudakov safety in the context of the momentum sharing
fraction zg.) In the absence of a cut on θg, the jet energy drop is particularly sensitive to
nonperturbative effects, as discussed in sec. 3.5.
For β = 0, only regime B contributes, which was shown in the right panel of fig. 11 for
β > 0. In this case, the line corresponding to the soft drop criterion now has slope β = 0, as
shown in fig. 13. It is clear from the figure that the θg measurement is necessary to regulate
the collinear divergence for ∆E measurements at β = 0. In fact, we can immediately take
β → 0 in the ingredients in this regime, and there is no difficulty in obtaining resummed
predictions. The IR divergence is in regime A, whose range of applicability is shrunk to
the point θg = 0 for β → 0. In the resummed cross section, it is Sudakov suppressed. With
the collinear divergence regulated by the θg measurement, we can obtain a ∆E distribution
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Figure 14. The nonperturbative regions for soft drop with β > 0 (left) and β = 0 (right). Plots
are not to scale to highlight the nonpertubative regions.
by integrating over a desired range of θg. It is worth noting that LL formulation given in
eq. (3.17) yields an αs independent result when integrated over the entire range of θg,∫ 1
0
dθg G˜SDi,B
(
∆E , pTR, zcut, β = 0, θg, αs(µ)
) LL
=
ln zcut
ln ∆E
. (3.25)
This surprising feature was already pointed out in ref. [7], where they also kept the sublead-
ing terms in the splitting functions, compared to the LL expression in eq. (3.17). Our full
NLL′ result includes many more contributions but its analytic expression is not particularly
tractable.
3.5 θg and nonperturbative effects
We will now discuss the size of nonperturbative effects, considering the case where we
completely integrate over θg, as well as imposing a minimum cut on θg. As we will see
below, introducing a cutoff reduces the sensitivity to nonperturbative effects. It is also
advantageous from an experimental point of view, if the tracking efficiency is limited at
small θg [16].
As usual, we determine the onset of the nonperturbative region by considering the
softest scales involved in the factorization formulas in eqs. (3.6) and (3.18). The softest
scales in regime A and regime B are µS˜G ∼ zcutθ
1+β
g pTR and µS˜Z ∼ ∆EθgpTR, respectively.
Therefore, within regime A we use the relation
θg <
( ΛNP
zcutpTR
) 1
1+β
and θg <
(∆E
zcut
) 1
β
(3.26)
to determine the nonperturbative region, while for regime B(∆E
zcut
) 1
β
< θg <
ΛNP
∆EpTR
. (3.27)
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As discussed in sec. 3.4, for β = 0 we only have regime B, and eq. (3.27) simplifies to
θg <
ΛNP
∆EpTR
. (3.28)
These nonperturbative regions are illustrated in fig. 14.
We now highlight some aspects of nonperturbative contributions to the ∆E distri-
bution resulting from integrating over (a range of) θg.
5 First, we note that the entire
∆E distribution receives a nonperturbative contribution from the θg integration when
θcutg < (ΛNP/(zcutpTR))
1/(1+β), due to region A. If θcutg is above this threshold, the on-
set of the nonperturbative regions is instead determined by region B (corresponding to
the red regions in fig. 14). In this case the nonperturbative contributions become small
for much of the ∆E distribution, for both β > 0 and β = 0, allowing for a purely per-
turbative calculation. In our numerical studies presented in sec. 3.7, we always indicate
the corresponding onset of the nonperturbative region by a vertical dotted line. If the cut
is chosen such that θcutg < (ΛNP/(zcutpTR))
1/(1+β), then we have some nonperturbative
contributions for ∆E values even above the indicated vertical line.
3.6 Profile functions and scale variations
In this section we describe our choice of central scales, as well as the variations used to
assess the perturbative uncertainty. We start with regime A, which is particularly simple
because no function in the factorization formula depends on both ∆E and θg, whereas for
regime B we need to design two-dimensional profile scales.
In regime A there are no scales that simultaneously depend on both ∆E and θg.
Consequently, we can take the same central scales and scale variations for SZ and S˜X as for
iterated soft drop, see sec. 2.6. For the additional scales associated with the θg measurement
(corresponding to the red region in the Lund plane in the left panel of fig. 11), we take
µcentS˜G = fpro(zcutθ
1+β
g pTR; Λfreeze) ,
µcentC∈gr =
[(µcentS˜G
zcut
)1/β
pTR
]β/(1+β)
,
µcentH = pTR . (3.29)
Here fpro(x;x0) ensures that we avoid the Landau pole. Its expression is given in eq. (2.40),
and we take the same value Λfreeze = 0.2 GeV as for iterated soft drop. By expressing µ
cent
C∈gr
in terms of µcentS˜G , we ensure that they stop running simultaneously. QCD scale uncertainties
are obtained by varying the scales that also appear for ISD in the same way as described
in sec. 2.6, while identifying the variation of µcentH with the variation of µ
cent
G as their
canonical forms are identical. We also vary the new θg dependent scales of µ
cent
S˜G and µ
cent
C∈gr
individually up and down by a factor of 2 around their central value. The perturbative
uncertainty band is obtained by taking the envelope of all the variations.
5Usually one does not associate nonperturbative corrections with variables that are integrated over, but
in this case ∆E and θg are intertwined by the double-differential factorization. Therefore, the integration
of θg does not remove the nonperturbative effects coming from factorization scales associated with the θg
measurement.
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Figure 15. The two regions defined in the two-dimensional profile function given in eq. (3.30). All
θg and ∆E-dependent scales take on their canonical values in region I and begin to freeze once they
enter region II. The involved scales are properly defined only within the factorization of regime B,
satisfying the condition ∆E < zcutθ
β
g . This condition is indicated by the orange hatched region for
zcut = 0.5 and β = 1, identifying x and y with ∆E and θg, respectively.
Regime B presents a further complication, since the ∆E and θg measurements can no
longer be treated independently. In this case the softest scale is µS˜Z ∼ ∆E θg pTR, which
thus becomes nonperturbative before any other scale. As this scale depends on both ∆E
and θg, it can run into the nonperturbative region by either ∆E or θg becoming small,
corresponding to region II in fig. 15. Therefore, we now need a two-dimensional profile to
implement the freezing of the scale in the nonperturbative region
f2dpro(x, y;x0) =
{
x y x y > 2x0 region I ,
x0[1 + (x y/x0)
2/4] x y ≤ 2x0 region II . (3.30)
With this new profile function, we define the central scale for µS˜Z as
µcentS˜Z = f
2d
pro
(
∆E , θg;
Λfreeze
pTR
)
pTR , (3.31)
to smoothly freeze µS˜Z at Λfreeze. The condition ∆E < zcutθ
β
g is necessary to ensure that we
stay within regime B, and is indicated in fig. 15 by the orange hatched region for zcut = 0.5
and β = 1, when x and y of eq. (3.30) are identified with ∆E and θg, respectively.
When µcanS˜Z starts freezing in region II, we want to ensure that all other scales also stop
running. To accomplish this, we define the following profile function
g2dpro(x, y;A,B, c0, x0)
=

x1+B x y > 2x0 region I ,
c0
[
1 +
(
x y
2x0
)1+A(
1
c0
(
2xx0
y
) 1+B
2 − 1
)]
x y ≤ 2x0 region II ,
(3.32)
where A > −1 controls the rate at which scale freezes to c0 in region II. The parameter
B is chosen according to the canonical behaviors of different scales in region I. The profile
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function is continuous everywhere and smoothly approaches c0 as x or y become small. We
then take the remaining central scales to be
µcentH = pTR ,
µcentC∈gr = g
2d
pro
(
θg,∆E ; 0, 0, λC∈gr ,
Λfreeze
pTR
)
pTR ,
µcentS˜′G
= g2dpro
(
θg,∆E ; 0, β, λS˜′G ,
Λfreeze
pTR
)
zcutpTR ,
µcentSZ = g
2d
pro
(
∆E , θg; 0, 0, λSZ ,
Λfreeze
pTR
)
pTR . (3.33)
This ensures that all θg and ∆E-dependent scales take on their canonical values in region
I, given in eq. (3.22), while freezing them in the same region II. Because different scales
enter region II with different values, it is natural to freeze them to different λi to maintain
their relative hierarchy. We take λi to be the average value of the scale x
1+B, with x and
B defined in eq. (3.33), along ∆E θg = 2
Λfreeze
pTR
within regime B, divided by 2. We then vary
all scales individually by factors of 2 around their central choices and all simultaneously,
taking the envelope to obtain the uncertainty band.
Figure 16. Numerical results at NLL′ (orange) for the jet energy drop for soft drop with zcut = 0.3,
β = 1 and θcutg = 0.25. In addition, we show Pythia results at parton (purple dashed) and hadron
level (blue dashed) for comparison. The different panels correspond to different jet transverse
momenta. The central curves are normalized to unity between the dotted vertical line and the
endpoint ∆E = zcut.
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Figure 17. Pythia results for the jet energy drop with soft drop at parton level (blue) and
including hadronization (red) and MPI (green). The three panels correspond to θcutg = 0 (top left),
0.1 (top right), 0.25 (bottom). Note that these curves are normalized on the full ∆E interval.
3.7 Numerical results
We start by presenting results for the jet energy drop with soft drop for zcut = 0.3, β = 1,
and compare to Pythia at parton and hadron level (without MPI). The NLL′ results for
θcutg = 0.25 and three jet pT intervals are presented in fig. 16. Here we leave out the interval
pT = 30− 50 GeV, which is shown for the other grooming procedures, as the energy drop
distribution is nonperturbative over most of the ∆E range in this case. We indicate the
nonperturbative region by the dotted vertical line, and we normalize our results over the
perturbative range. We find very good agreement with the Pythia results at parton and
hadron level, which are also normalized on the same range. For the chosen kinematics, and
in particular the θcutg value, the cross section is dominated by perturbative dynamics.
In fig. 17, we investigate in more detail the impact of nonperturbative effects using
Pythia. We show the parton level results and including corrections due to hadronization
and MPI for the jet transverse momentum interval of pT = 300 − 450 GeV. The three
panels correspond to three different values of θcutg = 0, 0.1, 0.25. Here we normalize the
result over the entire ∆E range. We find that nonperturbative effects are small when the
relatively large value of θcutg = 0.25 is chosen, which corresponds to the results in fig. 16.
However, if we lower θcutg nonperturbative effects become more important. We observe that
hadronization corrections dominate but also MPI leads to a shift of the distribution to larger
values of ∆E . Interestingly, these differences are substantially reduced when normalizing
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Figure 18. We explore the effect of hadronization by taking a falling distribution (solid) or a
peaked distribution (dashed), as proxy for the perturbative result (blue) of energy drop (for soft
drop) and jet mass, and convolving with a shape function to obtain the red curve. While the effects
are similar when normalizing on the full range (1/σ, left panel), this is no longer the case when
normalizing on the region to the right of the vertical dotted line (1/σ˜, right panel).
Figure 19. Numerical results at NLL′ (orange) for the jet energy drop with soft drop and zcut = 0.1,
β = 0 and θcutg = 0.25. In addition, we show Pythia results at parton (purple dashed) and hadron
level (blue dashed) for comparison. The different panels correspond to different jet transverse
momenta.
to the perturbative region, indicating that the shape in the perturbative region is not much
affected by hadronization. This is due to the shape of the perturbative distribution, which
we illustrate in fig. 18. We consider the case where the perturbative distribution is falling
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Figure 20. Comparison of our theoretical calculation for soft drop and the preliminary CMS data
of ref. [105].
(like here) or peaked (as for jet mass), and convolve with a nonperturbative shape function
to model the effect of hadronization. Before normalizing, the effect of this convolution is
similar, but this is no longer true after normalizing on a restricted range that does not
include the nonperturbative region. When no cut on θg is imposed (upper left panel of
fig. 17), the nonperturbative corrections are very large. We thus conclude that imposing a
cut on θg allows us to control the soft sensitivity of the jet energy drop.
Next, we consider the jet energy drop for β = 0, which is a Sudakov safe observable,
as discussed in sec. 3.4. In fig. 19, we show the NLL′ results for zcut = 0.1 with θcutg = 0.25,
choosing the same jet kinematics as in fig. 16. In addition, we show Pythia results at
parton and hadron level, finding again good agreement.
We end this section by comparing in fig. 20 our numerical results to the preliminary
CMS data of ref. [105]. The grooming parameters chosen by CMS are zcut = 0.5 and β =
1.5, and a cut on the groomed jet radius of θcutg = 0.25 was imposed. We observe very good
agreement in the perturbative region which is indicated by the dotted vertical line. Note
that both our theoretical results and the data are normalized in the perturbative region.
We note that the data of ref. [16] with β = 0 and zcut = 0.1 are in the nonperturbative
region or ∆E > zcut, where our factorization theorem does not apply.
4 Trimming
In this section we consider the jet energy drop of a trimmed jet. We start by introducing the
trimming algorithm in sec. 4.1. We then present fixed-order results of the corresponding jet
function in sec. 4.2, and introduce the factorization and resummation in sec. 4.3, including
a discussion of non-global logarithms. In sec. 4.4, we present numerical results and compare
to Pythia.
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4.1 The trimming algorithm
Trimming (TR) [4] is one of the first jet-grooming algorithms. It improves the event
reconstruction at high luminosity colliders and is frequently used for experimental analyses
(particularly ATLAS), see e.g. refs. [106, 107]. The grooming proceeds as follows: First jets
are reconstructed with the anti-kT algorithm and jet radius parameter R. The constituents
of the identified jets are then reclustered with a smaller jet radius Rsub < R. Subjets are
removed from the jet if their transverse momentum pT i (or energy) is below a threshold
given by pT i < fcutΛhard. Here fcut is a dimensionless quantity and Λhard is a hard scale,
which we choose as pT of the initial ungroomed jet. The trimmed jet is then given by all
the particles in the remaining subjets.
In ref. [91] the jet mass of a trimmed jet was calculated, and in refs. [83, 104] the longi-
tudinal momentum fraction z = pT i/pT of the reclustered inclusive subjets was considered.
Here we consider the jet energy drop induced by the trimming procedure. Similar to soft
drop, this observable is particularly sensitive to the soft aspects of jets. In ref. [4] the kT
algorithm was used for reclustering the jets into smaller subjets, as kT subjets better share
the total available jet energy amongst themselves. We use instead the C/A algorithm,
such that the clustering effects are the same as for soft drop. (We have checked in Pythia
that this has a minimal effect on the jet energy drop distribution.) Typical values of the
trimming parameters used in experimental analyses are Rsub = 0.2 and fcut = 0.05, though
they depend on the observable under consideration. For our numerical results in sec. 4.4,
we choose a relatively large value of fcut = 0.3 to ensure that a large part of the distribution
can be described perturbatively.
4.2 Fixed-order results
We denote the jet function that measures the jet energy drop for trimming by ∆GTRi . It
depends on the grooming parameters θt ≡ Rsub/R, fcut < 12 and the jet energy drop ∆E ,
which is the total energy fraction of the subjets removed by trimming. At NLO, the jet
function can be calculated as
∆GTRi (∆E , pTR, θt, fcut, µ) (4.1)
=
∫
dΦ2 σ
c
2,i Θ (θ < R)
{
Θ (θ > θtR)
[
Θ (x > fcut) Θ (1− x > fcut) δ(∆E)
+ Θ (x > fcut) Θ (1− x < fcut) δ(∆E − x)
+ Θ (x < fcut) Θ (1− x > fcut) δ(∆E − (1− x))
]
+ Θ (θ < θtR) δ(∆E)− δ(∆E)
}
.
If the two partons are clustered into different subjets θ > θtR, they are individually tested
against the trimming condition. As before, the very last term subtracts the contribution
already contained in the semi-inclusive jet function.
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Figure 21. Numerical comparison of the size of singular (dashed blue) and non-singular (dotted
green) terms of the fixed-order (red) jet function for trimming. We show the quark and gluon result
in the left and right panel, respectively.
For quark and gluon jets, we find
∆GTRq (∆E , pTR, θt, fcut, αs(µ))
=
αsCF
pi
ln θt
{
Θ(∆E < fcut)
[
− 2
1−∆E −
2
[∆E ]+
+ 3
]
+ δ(∆E)
(−2 ln(1− fcut)
+ 2 ln fcut − 3fcut
)}
, (4.2)
∆GTRg (∆E , pTR, θt, fcut, αs(µ))
=
αs
pi
ln θt
{
Θ(∆E < fcut)
[
− 2nfTF (∆2E + (1−∆E)2) + CA
(
4− 2
[∆E ]+
− 2
1−∆E
− 2(1−∆E)∆E
)]
+ δ(∆E)
[
nfTF
(
4
3
f3cut − 2f2cut + 2fcut
)
+ CA
(
− 2
3
f3cut + f
2
cut − 4fcut − 2 ln(1− fcut) + 2 ln fcut
)]}
. (4.3)
We observe that at NLO the jet energy drop ∆E is always less than fcut, similar to (iterated)
soft drop where ∆E < zcut. The plus distribution here is defined on the interval 0 < ∆E <
1. If we rewrite it to be defined on the interval of the theta function Θ(∆E < fcut), the
ln fcut term in the last lines for both the quark and gluon jet function cancels, and we can
safely take the limit fcut → 0 (similar to zcut → 0 for iterated soft drop in sec. 2.3). In this
limit the trimming is removed and the jet function ∆GTR thus vanishes. Next we consider
the relative size of the singular and non-singular terms for trimming at fixed order in fig. 21.
We observe that the singular terms dominate over the entire range of ∆E , suggesting that
the resummation is likely important, and that the matching to NLO does not need to be
included in our numerical results. We note that different from iterated soft drop (see fig. 3)
the NLO distribution does not smoothly go to zero at the endpoint ∆E = fcut.
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collinear
<latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/ 8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZ gKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/ 8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZ gKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/ 8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZ gKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/ 8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZ gKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit>
ln
1
z
<latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw= ">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IO FMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xw XyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhf p7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflG lU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw= ">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IO FMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xw XyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhf p7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflG lU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw= ">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IO FMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xw XyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhf p7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflG lU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw= ">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IO FMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xw XyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhf p7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflG lU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit>
ln
R
✓
<latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuh KWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ 0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln 9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuh KWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ 0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln 9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuh KWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ 0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln 9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuh KWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ 0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln 9skfOJ8/SQSVZQ==</latexit>
ln
1
 E<latexit sha1_base64="jTceilqPN76+RZNLa5tdlGkf31w= ">AAAB/nicbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLosPsBlBfuAJpTJdNIOnUzCzEQoMeC3uHCj4tbfcOnfOG2z0NYDFw7n3Mu99w QJZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HVxG8/UKlYLO71OKF+hAeChYxgbaSefe BxgbxQYpK5eeZdU65x7ybv2VWn5kyBFolbkCoUaPTsL68fkzSiQhOOleq6TqL9DEvNCKd5xUsVTTAZ4QHtGipwRJWfTe/P0bFR+i iMpSmh0VT9PZHhSKlxFJjOCOuhmvcm4n9eN9XhhZ8xkaSaCjJbFKYc6RhNwkB9JinRfGwIJpKZWxEZYhOGNpGZDNz5jxdJ67TmOj X37qxavyzSKMMhHMEJuHAOdbiFBjSBwCM8wyu8WU/Wi/VufcxaS1Yxsw9/YH3+ACRNldA=</latexit><latexit sha1_base64="jTceilqPN76+RZNLa5tdlGkf31w= ">AAAB/nicbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLosPsBlBfuAJpTJdNIOnUzCzEQoMeC3uHCj4tbfcOnfOG2z0NYDFw7n3Mu99w QJZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HVxG8/UKlYLO71OKF+hAeChYxgbaSefe BxgbxQYpK5eeZdU65x7ybv2VWn5kyBFolbkCoUaPTsL68fkzSiQhOOleq6TqL9DEvNCKd5xUsVTTAZ4QHtGipwRJWfTe/P0bFR+i iMpSmh0VT9PZHhSKlxFJjOCOuhmvcm4n9eN9XhhZ8xkaSaCjJbFKYc6RhNwkB9JinRfGwIJpKZWxEZYhOGNpGZDNz5jxdJ67TmOj X37qxavyzSKMMhHMEJuHAOdbiFBjSBwCM8wyu8WU/Wi/VufcxaS1Yxsw9/YH3+ACRNldA=</latexit><latexit sha1_base64="jTceilqPN76+RZNLa5tdlGkf31w= ">AAAB/nicbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLosPsBlBfuAJpTJdNIOnUzCzEQoMeC3uHCj4tbfcOnfOG2z0NYDFw7n3Mu99w QJZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HVxG8/UKlYLO71OKF+hAeChYxgbaSefe BxgbxQYpK5eeZdU65x7ybv2VWn5kyBFolbkCoUaPTsL68fkzSiQhOOleq6TqL9DEvNCKd5xUsVTTAZ4QHtGipwRJWfTe/P0bFR+i iMpSmh0VT9PZHhSKlxFJjOCOuhmvcm4n9eN9XhhZ8xkaSaCjJbFKYc6RhNwkB9JinRfGwIJpKZWxEZYhOGNpGZDNz5jxdJ67TmOj X37qxavyzSKMMhHMEJuHAOdbiFBjSBwCM8wyu8WU/Wi/VufcxaS1Yxsw9/YH3+ACRNldA=</latexit><latexit sha1_base64="jTceilqPN76+RZNLa5tdlGkf31w= ">AAAB/nicbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLosPsBlBfuAJpTJdNIOnUzCzEQoMeC3uHCj4tbfcOnfOG2z0NYDFw7n3Mu99w QJZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HVxG8/UKlYLO71OKF+hAeChYxgbaSefe BxgbxQYpK5eeZdU65x7ybv2VWn5kyBFolbkCoUaPTsL68fkzSiQhOOleq6TqL9DEvNCKd5xUsVTTAZ4QHtGipwRJWfTe/P0bFR+i iMpSmh0VT9PZHhSKlxFJjOCOuhmvcm4n9eN9XhhZ8xkaSaCjJbFKYc6RhNwkB9JinRfGwIJpKZWxEZYhOGNpGZDNz5jxdJ67TmOj X37qxavyzSKMMhHMEJuHAOdbiFBjSBwCM8wyu8WU/Wi/VufcxaS1Yxsw9/YH3+ACRNldA=</latexit> z =  E<latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwD kyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOq DGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L8678zFvzTnZzCH8gfP5A4Rt kGU=</latexit><latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwD kyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOq DGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L8678zFvzTnZzCH8gfP5A4Rt kGU=</latexit><latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwD kyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOq DGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L8678zFvzTnZzCH8gfP5A4Rt kGU=</latexit><latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwD kyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOq DGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L8678zFvzTnZzCH8gfP5A4Rt kGU=</latexit>
ST
<latexit sha1_base64="IkXulkXtY0hpSDdR7aRXuF4gprU= ">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dKP6ENZbPdtEs3m7A7EUroT/DgRcWrv8ij/8Ztm4O2Phh4vDfDzLwgkc Kg6347hY3Nre2d4m5pb//g8Kh8fNI2caoZb7FYxrobUMOlULyFAiXvJprTKJC8E0zu537niWsjYtXEacL9iI6UCAWjaKVGY9AclC tu1V2ArBMvJxXIUR+Uv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z6miETd+tjh1Ri6sMiRhrG0pJAv190RGI2OmUWA7I4 pjs+rNxf+8XorhrZ8JlaTIFVsuClNJMCbzv8lQaM5QTi2hTAt7K2FjqilDm47NwFv9eJ20r6qeW/Ueryu1uzyNIpzBOVyCBzdQgw eoQwsYjOAZXuHNmTgvzrvzsWwtOPnMKfyB8/kDhOmNjg==</latexit><latexit sha1_base64="IkXulkXtY0hpSDdR7aRXuF4gprU= ">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dKP6ENZbPdtEs3m7A7EUroT/DgRcWrv8ij/8Ztm4O2Phh4vDfDzLwgkc Kg6347hY3Nre2d4m5pb//g8Kh8fNI2caoZb7FYxrobUMOlULyFAiXvJprTKJC8E0zu537niWsjYtXEacL9iI6UCAWjaKVGY9AclC tu1V2ArBMvJxXIUR+Uv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z6miETd+tjh1Ri6sMiRhrG0pJAv190RGI2OmUWA7I4 pjs+rNxf+8XorhrZ8JlaTIFVsuClNJMCbzv8lQaM5QTi2hTAt7K2FjqilDm47NwFv9eJ20r6qeW/Ueryu1uzyNIpzBOVyCBzdQgw eoQwsYjOAZXuHNmTgvzrvzsWwtOPnMKfyB8/kDhOmNjg==</latexit><latexit sha1_base64="IkXulkXtY0hpSDdR7aRXuF4gprU= ">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dKP6ENZbPdtEs3m7A7EUroT/DgRcWrv8ij/8Ztm4O2Phh4vDfDzLwgkc Kg6347hY3Nre2d4m5pb//g8Kh8fNI2caoZb7FYxrobUMOlULyFAiXvJprTKJC8E0zu537niWsjYtXEacL9iI6UCAWjaKVGY9AclC tu1V2ArBMvJxXIUR+Uv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z6miETd+tjh1Ri6sMiRhrG0pJAv190RGI2OmUWA7I4 pjs+rNxf+8XorhrZ8JlaTIFVsuClNJMCbzv8lQaM5QTi2hTAt7K2FjqilDm47NwFv9eJ20r6qeW/Ueryu1uzyNIpzBOVyCBzdQgw eoQwsYjOAZXuHNmTgvzrvzsWwtOPnMKfyB8/kDhOmNjg==</latexit><latexit sha1_base64="IkXulkXtY0hpSDdR7aRXuF4gprU= ">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dKP6ENZbPdtEs3m7A7EUroT/DgRcWrv8ij/8Ztm4O2Phh4vDfDzLwgkc Kg6347hY3Nre2d4m5pb//g8Kh8fNI2caoZb7FYxrobUMOlULyFAiXvJprTKJC8E0zu537niWsjYtXEacL9iI6UCAWjaKVGY9AclC tu1V2ArBMvJxXIUR+Uv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z6miETd+tjh1Ri6sMiRhrG0pJAv190RGI2OmUWA7I4 pjs+rNxf+8XorhrZ8JlaTIFVsuClNJMCbzv8lQaM5QTi2hTAt7K2FjqilDm47NwFv9eJ20r6qeW/Ueryu1uzyNIpzBOVyCBzdQgw eoQwsYjOAZXuHNmTgvzrvzsWwtOPnMKfyB8/kDhOmNjg==</latexit>
✓ = Rsub
<latexit sha1_base64="Jv1cHar2AlVjzUwu5FAIUEu//5I=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSyCp5KIYC9CwYvHKvYD mhA22027dLMJuxOxxP4VD15UvPpHPPpv3LY5aOuDgcd7M8zMC1PBNTjOt1VaW9/Y3CpvV3Z29/YP7MNqRyeZoqxNE5GoXkg0E1yyNnAQrJcqRuJQsG44vp753QemNE/kPUxS5sdkKHnEKQEjBXbVgxEDcnUX5J6Ksc7CaWDXnLozB14lbkFqqEArsL+8QUKzmEmggmjd d50U/Jwo4FSwacXLNEsJHZMh6xsqScy0n89vn+JTowxwlChTEvBc/T2Rk1jrSRyazpjASC97M/E/r59B1PBzLtMMmKSLRVEmMCR4FgQecMUoiIkhhCpubsV0RBShYOIyGbjLH6+Sznndderu7UWt2SjSKKNjdILOkIsuURPdoBZqI4oe0TN6RW/Wk/VivVsfi9aSVcwc oT+wPn8AYyuUQg==</latexit><latexit sha1_base64="Jv1cHar2AlVjzUwu5FAIUEu//5I=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSyCp5KIYC9CwYvHKvYD mhA22027dLMJuxOxxP4VD15UvPpHPPpv3LY5aOuDgcd7M8zMC1PBNTjOt1VaW9/Y3CpvV3Z29/YP7MNqRyeZoqxNE5GoXkg0E1yyNnAQrJcqRuJQsG44vp753QemNE/kPUxS5sdkKHnEKQEjBXbVgxEDcnUX5J6Ksc7CaWDXnLozB14lbkFqqEArsL+8QUKzmEmggmjd d50U/Jwo4FSwacXLNEsJHZMh6xsqScy0n89vn+JTowxwlChTEvBc/T2Rk1jrSRyazpjASC97M/E/r59B1PBzLtMMmKSLRVEmMCR4FgQecMUoiIkhhCpubsV0RBShYOIyGbjLH6+Sznndderu7UWt2SjSKKNjdILOkIsuURPdoBZqI4oe0TN6RW/Wk/VivVsfi9aSVcwc oT+wPn8AYyuUQg==</latexit><latexit sha1_base64="Jv1cHar2AlVjzUwu5FAIUEu//5I=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSyCp5KIYC9CwYvHKvYD mhA22027dLMJuxOxxP4VD15UvPpHPPpv3LY5aOuDgcd7M8zMC1PBNTjOt1VaW9/Y3CpvV3Z29/YP7MNqRyeZoqxNE5GoXkg0E1yyNnAQrJcqRuJQsG44vp753QemNE/kPUxS5sdkKHnEKQEjBXbVgxEDcnUX5J6Ksc7CaWDXnLozB14lbkFqqEArsL+8QUKzmEmggmjd d50U/Jwo4FSwacXLNEsJHZMh6xsqScy0n89vn+JTowxwlChTEvBc/T2Rk1jrSRyazpjASC97M/E/r59B1PBzLtMMmKSLRVEmMCR4FgQecMUoiIkhhCpubsV0RBShYOIyGbjLH6+Sznndderu7UWt2SjSKKNjdILOkIsuURPdoBZqI4oe0TN6RW/Wk/VivVsfi9aSVcwc oT+wPn8AYyuUQg==</latexit><latexit sha1_base64="Jv1cHar2AlVjzUwu5FAIUEu//5I=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSyCp5KIYC9CwYvHKvYD mhA22027dLMJuxOxxP4VD15UvPpHPPpv3LY5aOuDgcd7M8zMC1PBNTjOt1VaW9/Y3CpvV3Z29/YP7MNqRyeZoqxNE5GoXkg0E1yyNnAQrJcqRuJQsG44vp753QemNE/kPUxS5sdkKHnEKQEjBXbVgxEDcnUX5J6Ksc7CaWDXnLozB14lbkFqqEArsL+8QUKzmEmggmjd d50U/Jwo4FSwacXLNEsJHZMh6xsqScy0n89vn+JTowxwlChTEvBc/T2Rk1jrSRyazpjASC97M/E/r59B1PBzLtMMmKSLRVEmMCR4FgQecMUoiIkhhCpubsV0RBShYOIyGbjLH6+Sznndderu7UWt2SjSKKNjdILOkIsuURPdoBZqI4oe0TN6RW/Wk/VivVsfi9aSVcwc oT+wPn8AYyuUQg==</latexit>
z = fcut
<latexit sha1_base64="0GdBClEdkX+JsZmefTTV/1b15tw=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKYC9CwYvHCvYD 2qVk02wbmmTXZCLUpb/DgxcVr/4Yj/4b03YP2vpg4PHeDDPzolRwA77/7RXW1jc2t4rbpZ3dvf2D8uFRyyRWU9akiUh0JyKGCa5YEzgI1kk1IzISrB2Nb2Z++5FpwxN1D5OUhZIMFY85JeCk8Ok67mc9LTG1MO2XK37VnwOvkiAnFZSj0S9/9QYJtZIpoIIY0w38FMKM aOBUsGmpZw1LCR2TIes6qohkJszmR0/xmVMGOE60KwV4rv6eyIg0ZiIj1ykJjMyyNxP/87oW4lqYcZVaYIouFsVWYEjwLAE84JpREBNHCNXc3YrpiGhCweXkMgiWP14lrYtq4FeDu8tKvZanUUQn6BSdowBdoTq6RQ3URBQ9oGf0it486714797HorXg5TPH6A+8zx88 U5H9</latexit><latexit sha1_base64="0GdBClEdkX+JsZmefTTV/1b15tw=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKYC9CwYvHCvYD 2qVk02wbmmTXZCLUpb/DgxcVr/4Yj/4b03YP2vpg4PHeDDPzolRwA77/7RXW1jc2t4rbpZ3dvf2D8uFRyyRWU9akiUh0JyKGCa5YEzgI1kk1IzISrB2Nb2Z++5FpwxN1D5OUhZIMFY85JeCk8Ok67mc9LTG1MO2XK37VnwOvkiAnFZSj0S9/9QYJtZIpoIIY0w38FMKM aOBUsGmpZw1LCR2TIes6qohkJszmR0/xmVMGOE60KwV4rv6eyIg0ZiIj1ykJjMyyNxP/87oW4lqYcZVaYIouFsVWYEjwLAE84JpREBNHCNXc3YrpiGhCweXkMgiWP14lrYtq4FeDu8tKvZanUUQn6BSdowBdoTq6RQ3URBQ9oGf0it486714797HorXg5TPH6A+8zx88 U5H9</latexit><latexit sha1_base64="0GdBClEdkX+JsZmefTTV/1b15tw=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKYC9CwYvHCvYD 2qVk02wbmmTXZCLUpb/DgxcVr/4Yj/4b03YP2vpg4PHeDDPzolRwA77/7RXW1jc2t4rbpZ3dvf2D8uFRyyRWU9akiUh0JyKGCa5YEzgI1kk1IzISrB2Nb2Z++5FpwxN1D5OUhZIMFY85JeCk8Ok67mc9LTG1MO2XK37VnwOvkiAnFZSj0S9/9QYJtZIpoIIY0w38FMKM aOBUsGmpZw1LCR2TIes6qohkJszmR0/xmVMGOE60KwV4rv6eyIg0ZiIj1ykJjMyyNxP/87oW4lqYcZVaYIouFsVWYEjwLAE84JpREBNHCNXc3YrpiGhCweXkMgiWP14lrYtq4FeDu8tKvZanUUQn6BSdowBdoTq6RQ3URBQ9oGf0it486714797HorXg5TPH6A+8zx88 U5H9</latexit><latexit sha1_base64="0GdBClEdkX+JsZmefTTV/1b15tw=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKYC9CwYvHCvYD 2qVk02wbmmTXZCLUpb/DgxcVr/4Yj/4b03YP2vpg4PHeDDPzolRwA77/7RXW1jc2t4rbpZ3dvf2D8uFRyyRWU9akiUh0JyKGCa5YEzgI1kk1IzISrB2Nb2Z++5FpwxN1D5OUhZIMFY85JeCk8Ok67mc9LTG1MO2XK37VnwOvkiAnFZSj0S9/9QYJtZIpoIIY0w38FMKM aOBUsGmpZw1LCR2TIes6qohkJszmR0/xmVMGOE60KwV4rv6eyIg0ZiIj1ykJjMyyNxP/87oW4lqYcZVaYIouFsVWYEjwLAE84JpREBNHCNXc3YrpiGhCweXkMgiWP14lrYtq4FeDu8tKvZanUUQn6BSdowBdoTq6RQ3URBQ9oGf0it486714797HorXg5TPH6A+8zx88 U5H9</latexit>ln
1
fcut
<latexit sha1_base64="bYqFLfTjo0yEgdpsy0yIDQube9Y= ">AAACAXicbVBNS8NAEJ3Ur1q/op7Ey2IRPJVEBD0WvXisYD+gCWGz3bRLN5uwuxFKCB78LR68qHj1V3j037htc9DWBwOP92aYmR emnCntON9WZWV1bX2julnb2t7Z3bP3DzoqySShbZLwRPZCrChngrY105z2UklxHHLaDcc3U7/7QKViibjXk5T6MR4KFjGCtZEC+8 jjAnmRxCR3izwKck/GiGS6KAK77jScGdAycUtShxKtwP7yBgnJYio04Vipvuuk2s+x1IxwWtS8TNEUkzEe0r6hAsdU+fnshQKdGm WAokSaEhrN1N8TOY6VmsSh6YyxHqlFbyr+5/UzHV35ORNppqkg80VRxpFO0DQPNGCSEs0nhmAimbkVkRE2eWiTmsnAXfx4mXTOG6 7TcO8u6s3rMo0qHMMJnIELl9CEW2hBGwg8wjO8wpv1ZL1Y79bHvLVilTOH8AfW5w/q9Jdo</latexit><latexit sha1_base64="bYqFLfTjo0yEgdpsy0yIDQube9Y= ">AAACAXicbVBNS8NAEJ3Ur1q/op7Ey2IRPJVEBD0WvXisYD+gCWGz3bRLN5uwuxFKCB78LR68qHj1V3j037htc9DWBwOP92aYmR emnCntON9WZWV1bX2julnb2t7Z3bP3DzoqySShbZLwRPZCrChngrY105z2UklxHHLaDcc3U7/7QKViibjXk5T6MR4KFjGCtZEC+8 jjAnmRxCR3izwKck/GiGS6KAK77jScGdAycUtShxKtwP7yBgnJYio04Vipvuuk2s+x1IxwWtS8TNEUkzEe0r6hAsdU+fnshQKdGm WAokSaEhrN1N8TOY6VmsSh6YyxHqlFbyr+5/UzHV35ORNppqkg80VRxpFO0DQPNGCSEs0nhmAimbkVkRE2eWiTmsnAXfx4mXTOG6 7TcO8u6s3rMo0qHMMJnIELl9CEW2hBGwg8wjO8wpv1ZL1Y79bHvLVilTOH8AfW5w/q9Jdo</latexit><latexit sha1_base64="bYqFLfTjo0yEgdpsy0yIDQube9Y= ">AAACAXicbVBNS8NAEJ3Ur1q/op7Ey2IRPJVEBD0WvXisYD+gCWGz3bRLN5uwuxFKCB78LR68qHj1V3j037htc9DWBwOP92aYmR emnCntON9WZWV1bX2julnb2t7Z3bP3DzoqySShbZLwRPZCrChngrY105z2UklxHHLaDcc3U7/7QKViibjXk5T6MR4KFjGCtZEC+8 jjAnmRxCR3izwKck/GiGS6KAK77jScGdAycUtShxKtwP7yBgnJYio04Vipvuuk2s+x1IxwWtS8TNEUkzEe0r6hAsdU+fnshQKdGm WAokSaEhrN1N8TOY6VmsSh6YyxHqlFbyr+5/UzHV35ORNppqkg80VRxpFO0DQPNGCSEs0nhmAimbkVkRE2eWiTmsnAXfx4mXTOG6 7TcO8u6s3rMo0qHMMJnIELl9CEW2hBGwg8wjO8wpv1ZL1Y79bHvLVilTOH8AfW5w/q9Jdo</latexit><latexit sha1_base64="bYqFLfTjo0yEgdpsy0yIDQube9Y= ">AAACAXicbVBNS8NAEJ3Ur1q/op7Ey2IRPJVEBD0WvXisYD+gCWGz3bRLN5uwuxFKCB78LR68qHj1V3j037htc9DWBwOP92aYmR emnCntON9WZWV1bX2julnb2t7Z3bP3DzoqySShbZLwRPZCrChngrY105z2UklxHHLaDcc3U7/7QKViibjXk5T6MR4KFjGCtZEC+8 jjAnmRxCR3izwKck/GiGS6KAK77jScGdAycUtShxKtwP7yBgnJYio04Vipvuuk2s+x1IxwWtS8TNEUkzEe0r6hAsdU+fnshQKdGm WAokSaEhrN1N8TOY6VmsSh6YyxHqlFbyr+5/UzHV35ORNppqkg80VRxpFO0DQPNGCSEs0nhmAimbkVkRE2eWiTmsnAXfx4mXTOG6 7TcO8u6s3rMo0qHMMJnIELl9CEW2hBGwg8wjO8wpv1ZL1Y79bHvLVilTOH8AfW5w/q9Jdo</latexit>
 E ⌧ fcut ⌧ 1
<latexit sha1_base64="0OfAio8SPsN/9rPCgkkTzj9zM7w=">AAACBnicbVDLSsNAFJ3UV62vqEtBBovgqiQi6LL4AJcV7AOa EibTSTt0MgkzN0IJ3bnwW1y4UXHrL7j0b5ymWWjrgQtnzrmXufcEieAaHOfbKi0tr6yuldcrG5tb2zv27l5Lx6mirEljEatOQDQTXLImcBCskyhGokCwdjC6mvrtB6Y0j+U9jBPWi8hA8pBTAkby7UPvmgkg/g32hMChn3kqwjSFSf52fbvq1JwceJG4BamiAg3f/vL6 MU0jJoEKonXXdRLoZUQBp4JNKl6qWULoiAxY11BJIqZ7WX7HBB8bpY/DWJmSgHP190RGIq3HUWA6IwJDPe9Nxf+8bgrhRS/jMkmBSTr7KEwFhhhPQ8F9rhgFMTaEUMXNrpgOiSIUTHQmA3f+4kXSOq25Ts29O6vWL4s0yugAHaET5KJzVEe3qIGaiKJH9Ixe0Zv1ZL1Y 79bHrLVkFTP76A+szx+tN5gu</latexit><latexit sha1_base64="0OfAio8SPsN/9rPCgkkTzj9zM7w=">AAACBnicbVDLSsNAFJ3UV62vqEtBBovgqiQi6LL4AJcV7AOa EibTSTt0MgkzN0IJ3bnwW1y4UXHrL7j0b5ymWWjrgQtnzrmXufcEieAaHOfbKi0tr6yuldcrG5tb2zv27l5Lx6mirEljEatOQDQTXLImcBCskyhGokCwdjC6mvrtB6Y0j+U9jBPWi8hA8pBTAkby7UPvmgkg/g32hMChn3kqwjSFSf52fbvq1JwceJG4BamiAg3f/vL6 MU0jJoEKonXXdRLoZUQBp4JNKl6qWULoiAxY11BJIqZ7WX7HBB8bpY/DWJmSgHP190RGIq3HUWA6IwJDPe9Nxf+8bgrhRS/jMkmBSTr7KEwFhhhPQ8F9rhgFMTaEUMXNrpgOiSIUTHQmA3f+4kXSOq25Ts29O6vWL4s0yugAHaET5KJzVEe3qIGaiKJH9Ixe0Zv1ZL1Y 79bHrLVkFTP76A+szx+tN5gu</latexit><latexit sha1_base64="0OfAio8SPsN/9rPCgkkTzj9zM7w=">AAACBnicbVDLSsNAFJ3UV62vqEtBBovgqiQi6LL4AJcV7AOa EibTSTt0MgkzN0IJ3bnwW1y4UXHrL7j0b5ymWWjrgQtnzrmXufcEieAaHOfbKi0tr6yuldcrG5tb2zv27l5Lx6mirEljEatOQDQTXLImcBCskyhGokCwdjC6mvrtB6Y0j+U9jBPWi8hA8pBTAkby7UPvmgkg/g32hMChn3kqwjSFSf52fbvq1JwceJG4BamiAg3f/vL6 MU0jJoEKonXXdRLoZUQBp4JNKl6qWULoiAxY11BJIqZ7WX7HBB8bpY/DWJmSgHP190RGIq3HUWA6IwJDPe9Nxf+8bgrhRS/jMkmBSTr7KEwFhhhPQ8F9rhgFMTaEUMXNrpgOiSIUTHQmA3f+4kXSOq25Ts29O6vWL4s0yugAHaET5KJzVEe3qIGaiKJH9Ixe0Zv1ZL1Y 79bHrLVkFTP76A+szx+tN5gu</latexit><latexit sha1_base64="0OfAio8SPsN/9rPCgkkTzj9zM7w=">AAACBnicbVDLSsNAFJ3UV62vqEtBBovgqiQi6LL4AJcV7AOa EibTSTt0MgkzN0IJ3bnwW1y4UXHrL7j0b5ymWWjrgQtnzrmXufcEieAaHOfbKi0tr6yuldcrG5tb2zv27l5Lx6mirEljEatOQDQTXLImcBCskyhGokCwdjC6mvrtB6Y0j+U9jBPWi8hA8pBTAkby7UPvmgkg/g32hMChn3kqwjSFSf52fbvq1JwceJG4BamiAg3f/vL6 MU0jJoEKonXXdRLoZUQBp4JNKl6qWULoiAxY11BJIqZ7WX7HBB8bpY/DWJmSgHP190RGIq3HUWA6IwJDPe9Nxf+8bgrhRS/jMkmBSTr7KEwFhhhPQ8F9rhgFMTaEUMXNrpgOiSIUTHQmA3f+4kXSOq25Ts29O6vWL4s0yugAHaET5KJzVEe3qIGaiKJH9Ixe0Zv1ZL1Y 79bHrLVkFTP76A+szx+tN5gu</latexit>
✓t ⌧ 1
<latexit sha1_base64="AmwBNjrwig/krEc4QKyPR0ZBbQo=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBfkAT y2Y7aZduNmF3Uiih/8ODFxWv/heP/hu3bQ7a+mDg8d4MM/PCVAqDrvvtrK1vbG5tl3bKu3v7B4eVo+OWSTLNockTmehOyAxIoaCJAiV0Ug0sDiW0w9HdzG+PQRuRqEecpBDEbKBEJDhDKz35OARkPaS+lNTrVapuzZ2DrhKvIFVSoNGrfPn9hGcxKOSSGdP13BSDnGkU XMK07GcGUsZHbABdSxWLwQT5/OopPbdKn0aJtqWQztXfEzmLjZnEoe2MGQ7NsjcT//O6GUY3QS5UmiEovlgUZZJiQmcR0L7QwFFOLGFcC3sr5UOmGUcblM3AW/54lbQua55b8x6uqvXbIo0SOSVn5IJ45JrUyT1pkCbhRJNn8krenLHz4rw7H4vWNaeYOSF/4Hz+AB+i keA=</latexit><latexit sha1_base64="AmwBNjrwig/krEc4QKyPR0ZBbQo=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBfkAT y2Y7aZduNmF3Uiih/8ODFxWv/heP/hu3bQ7a+mDg8d4MM/PCVAqDrvvtrK1vbG5tl3bKu3v7B4eVo+OWSTLNockTmehOyAxIoaCJAiV0Ug0sDiW0w9HdzG+PQRuRqEecpBDEbKBEJDhDKz35OARkPaS+lNTrVapuzZ2DrhKvIFVSoNGrfPn9hGcxKOSSGdP13BSDnGkU XMK07GcGUsZHbABdSxWLwQT5/OopPbdKn0aJtqWQztXfEzmLjZnEoe2MGQ7NsjcT//O6GUY3QS5UmiEovlgUZZJiQmcR0L7QwFFOLGFcC3sr5UOmGUcblM3AW/54lbQua55b8x6uqvXbIo0SOSVn5IJ45JrUyT1pkCbhRJNn8krenLHz4rw7H4vWNaeYOSF/4Hz+AB+i keA=</latexit><latexit sha1_base64="AmwBNjrwig/krEc4QKyPR0ZBbQo=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBfkAT y2Y7aZduNmF3Uiih/8ODFxWv/heP/hu3bQ7a+mDg8d4MM/PCVAqDrvvtrK1vbG5tl3bKu3v7B4eVo+OWSTLNockTmehOyAxIoaCJAiV0Ug0sDiW0w9HdzG+PQRuRqEecpBDEbKBEJDhDKz35OARkPaS+lNTrVapuzZ2DrhKvIFVSoNGrfPn9hGcxKOSSGdP13BSDnGkU XMK07GcGUsZHbABdSxWLwQT5/OopPbdKn0aJtqWQztXfEzmLjZnEoe2MGQ7NsjcT//O6GUY3QS5UmiEovlgUZZJiQmcR0L7QwFFOLGFcC3sr5UOmGUcblM3AW/54lbQua55b8x6uqvXbIo0SOSVn5IJ45JrUyT1pkCbhRJNn8krenLHz4rw7H4vWNaeYOSF/4Hz+AB+i keA=</latexit><latexit sha1_base64="AmwBNjrwig/krEc4QKyPR0ZBbQo=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBfkAT y2Y7aZduNmF3Uiih/8ODFxWv/heP/hu3bQ7a+mDg8d4MM/PCVAqDrvvtrK1vbG5tl3bKu3v7B4eVo+OWSTLNockTmehOyAxIoaCJAiV0Ug0sDiW0w9HdzG+PQRuRqEecpBDEbKBEJDhDKz35OARkPaS+lNTrVapuzZ2DrhKvIFVSoNGrfPn9hGcxKOSSGdP13BSDnGkU XMK07GcGUsZHbABdSxWLwQT5/OopPbdKn0aJtqWQztXfEzmLjZnEoe2MGQ7NsjcT//O6GUY3QS5UmiEovlgUZZJiQmcR0L7QwFFOLGFcC3sr5UOmGUcblM3AW/54lbQua55b8x6uqvXbIo0SOSVn5IJ45JrUyT1pkCbhRJNn8krenLHz4rw7H4vWNaeYOSF/4Hz+AB+i keA=</latexit>
S˜T
<latexit sha1_base64="ypqRpX55i9w9RediWP9+QDVClME=">AAAB/XicbVDLSsNAFJ34rPUVFVduBovgqiQi6LLoxmXFvqAJ YTKZtEMnD2ZuhBKC3+LCjYpbv8Olf+OkzUJbDwwczrmXe+b4qeAKLOvbWFldW9/YrG3Vt3d29/bNg8OeSjJJWZcmIpEDnygmeMy6wEGwQSoZiXzB+v7ktvT7j0wqnsQdmKbMjcgo5iGnBLTkmccOcBGw3IkIjCkR+UNReB3PbFhNawa8TOyKNFCFtmd+OUFCs4jFQAVR amhbKbg5kcCpYEXdyRRLCZ2QERtqGpOIKTefxS/wmVYCHCZSvxjwTP29kZNIqWnk68kypVr0SvE/b5hBeO3mPE4zYDGdHwozgSHBZRc44JJREFNNCJVcZ8V0TCShoBvTHdiLP14mvYumbTXt+8tG66Zqo4ZO0Ck6Rza6Qi10h9qoiyjK0TN6RW/Gk/FivBsf89EVo9o5 Qn9gfP4AYW2WBw==</latexit><latexit sha1_base64="ypqRpX55i9w9RediWP9+QDVClME=">AAAB/XicbVDLSsNAFJ34rPUVFVduBovgqiQi6LLoxmXFvqAJ YTKZtEMnD2ZuhBKC3+LCjYpbv8Olf+OkzUJbDwwczrmXe+b4qeAKLOvbWFldW9/YrG3Vt3d29/bNg8OeSjJJWZcmIpEDnygmeMy6wEGwQSoZiXzB+v7ktvT7j0wqnsQdmKbMjcgo5iGnBLTkmccOcBGw3IkIjCkR+UNReB3PbFhNawa8TOyKNFCFtmd+OUFCs4jFQAVR amhbKbg5kcCpYEXdyRRLCZ2QERtqGpOIKTefxS/wmVYCHCZSvxjwTP29kZNIqWnk68kypVr0SvE/b5hBeO3mPE4zYDGdHwozgSHBZRc44JJREFNNCJVcZ8V0TCShoBvTHdiLP14mvYumbTXt+8tG66Zqo4ZO0Ck6Rza6Qi10h9qoiyjK0TN6RW/Gk/FivBsf89EVo9o5 Qn9gfP4AYW2WBw==</latexit><latexit sha1_base64="ypqRpX55i9w9RediWP9+QDVClME=">AAAB/XicbVDLSsNAFJ34rPUVFVduBovgqiQi6LLoxmXFvqAJ YTKZtEMnD2ZuhBKC3+LCjYpbv8Olf+OkzUJbDwwczrmXe+b4qeAKLOvbWFldW9/YrG3Vt3d29/bNg8OeSjJJWZcmIpEDnygmeMy6wEGwQSoZiXzB+v7ktvT7j0wqnsQdmKbMjcgo5iGnBLTkmccOcBGw3IkIjCkR+UNReB3PbFhNawa8TOyKNFCFtmd+OUFCs4jFQAVR amhbKbg5kcCpYEXdyRRLCZ2QERtqGpOIKTefxS/wmVYCHCZSvxjwTP29kZNIqWnk68kypVr0SvE/b5hBeO3mPE4zYDGdHwozgSHBZRc44JJREFNNCJVcZ8V0TCShoBvTHdiLP14mvYumbTXt+8tG66Zqo4ZO0Ck6Rza6Qi10h9qoiyjK0TN6RW/Gk/FivBsf89EVo9o5 Qn9gfP4AYW2WBw==</latexit><latexit sha1_base64="ypqRpX55i9w9RediWP9+QDVClME=">AAAB/XicbVDLSsNAFJ34rPUVFVduBovgqiQi6LLoxmXFvqAJ YTKZtEMnD2ZuhBKC3+LCjYpbv8Olf+OkzUJbDwwczrmXe+b4qeAKLOvbWFldW9/YrG3Vt3d29/bNg8OeSjJJWZcmIpEDnygmeMy6wEGwQSoZiXzB+v7ktvT7j0wqnsQdmKbMjcgo5iGnBLTkmccOcBGw3IkIjCkR+UNReB3PbFhNawa8TOyKNFCFtmd+OUFCs4jFQAVR amhbKbg5kcCpYEXdyRRLCZ2QERtqGpOIKTefxS/wmVYCHCZSvxjwTP29kZNIqWnk68kypVr0SvE/b5hBeO3mPE4zYDGdHwozgSHBZRc44JJREFNNCJVcZ8V0TCShoBvTHdiLP14mvYumbTXt+8tG66Zqo4ZO0Ck6Rza6Qi10h9qoiyjK0TN6RW/Gk/FivBsf89EVo9o5 Qn9gfP4AYW2WBw==</latexit>
SZ0
<latexit sha1_base64="9I/VJW4p1g5IhktDGzLDEQPdI/s= ">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8eK9gPbUDbbSbt2swm7G6GE/gcPXlS8+n88+m/ctjlo9cHA470ZZuYFie DauO6XU1haXlldK66XNja3tnfKu3tNHaeKYYPFIlbtgGoUXGLDcCOwnSikUSCwFYyupn7rEZXmsbwz4wT9iA4kDzmjxkrN2152fz zplStu1Z2B/CVeTiqQo94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m107IUdW6ZMwVrakITP150RGI63HUW A7I2qGetGbiv95ndSEF37GZZIalGy+KEwFMTGZvk76XCEzYmwJZYrbWwkbUkWZsQHZDLzFj/+S5mnVc6vezVmldpmnUYQDOIQT8O AcanANdWgAgwd4ghd4daTz7Lw57/PWgpPP7MMvOB/fsxOO0Q==</latexit><latexit sha1_base64="9I/VJW4p1g5IhktDGzLDEQPdI/s= ">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8eK9gPbUDbbSbt2swm7G6GE/gcPXlS8+n88+m/ctjlo9cHA470ZZuYFie DauO6XU1haXlldK66XNja3tnfKu3tNHaeKYYPFIlbtgGoUXGLDcCOwnSikUSCwFYyupn7rEZXmsbwz4wT9iA4kDzmjxkrN2152fz zplStu1Z2B/CVeTiqQo94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m107IUdW6ZMwVrakITP150RGI63HUW A7I2qGetGbiv95ndSEF37GZZIalGy+KEwFMTGZvk76XCEzYmwJZYrbWwkbUkWZsQHZDLzFj/+S5mnVc6vezVmldpmnUYQDOIQT8O AcanANdWgAgwd4ghd4daTz7Lw57/PWgpPP7MMvOB/fsxOO0Q==</latexit><latexit sha1_base64="9I/VJW4p1g5IhktDGzLDEQPdI/s= ">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8eK9gPbUDbbSbt2swm7G6GE/gcPXlS8+n88+m/ctjlo9cHA470ZZuYFie DauO6XU1haXlldK66XNja3tnfKu3tNHaeKYYPFIlbtgGoUXGLDcCOwnSikUSCwFYyupn7rEZXmsbwz4wT9iA4kDzmjxkrN2152fz zplStu1Z2B/CVeTiqQo94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m107IUdW6ZMwVrakITP150RGI63HUW A7I2qGetGbiv95ndSEF37GZZIalGy+KEwFMTGZvk76XCEzYmwJZYrbWwkbUkWZsQHZDLzFj/+S5mnVc6vezVmldpmnUYQDOIQT8O AcanANdWgAgwd4ghd4daTz7Lw57/PWgpPP7MMvOB/fsxOO0Q==</latexit><latexit sha1_base64="9I/VJW4p1g5IhktDGzLDEQPdI/s= ">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8eK9gPbUDbbSbt2swm7G6GE/gcPXlS8+n88+m/ctjlo9cHA470ZZuYFie DauO6XU1haXlldK66XNja3tnfKu3tNHaeKYYPFIlbtgGoUXGLDcCOwnSikUSCwFYyupn7rEZXmsbwz4wT9iA4kDzmjxkrN2152fz zplStu1Z2B/CVeTiqQo94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m107IUdW6ZMwVrakITP150RGI63HUW A7I2qGetGbiv95ndSEF37GZZIalGy+KEwFMTGZvk76XCEzYmwJZYrbWwkbUkWZsQHZDLzFj/+S5mnVc6vezVmldpmnUYQDOIQT8O AcanANdWgAgwd4ghd4daTz7Lw57/PWgpPP7MMvOB/fsxOO0Q==</latexit>
S˜Z0
<latexit sha1_base64="oo5/fyB7usrDY5z1J+Y+LHz0yzE=">AAACAHicbVBNS8NAEN3Ur1q/ol4EL8EieiqJCHosevFY0X5g E8Jms2mXbjZhdyKUEA/+Fg9eVLz6Lzz6b9y0PWj1wcDjvRlm5gUpZwps+8uoLCwuLa9UV2tr6xubW+b2TkclmSS0TRKeyF6AFeVM0DYw4LSXSorjgNNuMLos/e49lYol4hbGKfViPBAsYgSDlnxzzwXGQ5q7MYYhwTy/KQo/vzsqfLNuN+wJrL/EmZE6mqHlm59umJAs pgIIx0r1HTsFL8cSGOG0qLmZoikmIzygfU0Fjqny8skHhXWoldCKEqlLgDVRf07kOFZqHAe6szxUzXul+J/XzyA693Im0gyoINNFUcYtSKwyDitkkhLgY00wkUzfapEhlpiADk1n4Mx//Jd0ThqO3XCuT+vNi1kaVbSPDtAxctAZaqIr1EJtRNADekIv6NV4NJ6NN+N9 2loxZjO76BeMj2+nHJdK</latexit><latexit sha1_base64="oo5/fyB7usrDY5z1J+Y+LHz0yzE=">AAACAHicbVBNS8NAEN3Ur1q/ol4EL8EieiqJCHosevFY0X5g E8Jms2mXbjZhdyKUEA/+Fg9eVLz6Lzz6b9y0PWj1wcDjvRlm5gUpZwps+8uoLCwuLa9UV2tr6xubW+b2TkclmSS0TRKeyF6AFeVM0DYw4LSXSorjgNNuMLos/e49lYol4hbGKfViPBAsYgSDlnxzzwXGQ5q7MYYhwTy/KQo/vzsqfLNuN+wJrL/EmZE6mqHlm59umJAs pgIIx0r1HTsFL8cSGOG0qLmZoikmIzygfU0Fjqny8skHhXWoldCKEqlLgDVRf07kOFZqHAe6szxUzXul+J/XzyA693Im0gyoINNFUcYtSKwyDitkkhLgY00wkUzfapEhlpiADk1n4Mx//Jd0ThqO3XCuT+vNi1kaVbSPDtAxctAZaqIr1EJtRNADekIv6NV4NJ6NN+N9 2loxZjO76BeMj2+nHJdK</latexit><latexit sha1_base64="oo5/fyB7usrDY5z1J+Y+LHz0yzE=">AAACAHicbVBNS8NAEN3Ur1q/ol4EL8EieiqJCHosevFY0X5g E8Jms2mXbjZhdyKUEA/+Fg9eVLz6Lzz6b9y0PWj1wcDjvRlm5gUpZwps+8uoLCwuLa9UV2tr6xubW+b2TkclmSS0TRKeyF6AFeVM0DYw4LSXSorjgNNuMLos/e49lYol4hbGKfViPBAsYgSDlnxzzwXGQ5q7MYYhwTy/KQo/vzsqfLNuN+wJrL/EmZE6mqHlm59umJAs pgIIx0r1HTsFL8cSGOG0qLmZoikmIzygfU0Fjqny8skHhXWoldCKEqlLgDVRf07kOFZqHAe6szxUzXul+J/XzyA693Im0gyoINNFUcYtSKwyDitkkhLgY00wkUzfapEhlpiADk1n4Mx//Jd0ThqO3XCuT+vNi1kaVbSPDtAxctAZaqIr1EJtRNADekIv6NV4NJ6NN+N9 2loxZjO76BeMj2+nHJdK</latexit><latexit sha1_base64="oo5/fyB7usrDY5z1J+Y+LHz0yzE=">AAACAHicbVBNS8NAEN3Ur1q/ol4EL8EieiqJCHosevFY0X5g E8Jms2mXbjZhdyKUEA/+Fg9eVLz6Lzz6b9y0PWj1wcDjvRlm5gUpZwps+8uoLCwuLa9UV2tr6xubW+b2TkclmSS0TRKeyF6AFeVM0DYw4LSXSorjgNNuMLos/e49lYol4hbGKfViPBAsYgSDlnxzzwXGQ5q7MYYhwTy/KQo/vzsqfLNuN+wJrL/EmZE6mqHlm59umJAs pgIIx0r1HTsFL8cSGOG0qLmZoikmIzygfU0Fjqny8skHhXWoldCKEqlLgDVRf07kOFZqHAe6szxUzXul+J/XzyA693Im0gyoINNFUcYtSKwyDitkkhLgY00wkUzfapEhlpiADk1n4Mx//Jd0ThqO3XCuT+vNi1kaVbSPDtAxctAZaqIr1EJtRNADekIv6NV4NJ6NN+N9 2loxZjO76BeMj2+nHJdK</latexit>
Figure 22. Lund diagram for the energy drop of a trimmed jet. The relevant SCET modes are
indicated by red dots.
4.3 Factorization and resummation
For the trimmed jet energy drop there are three parameters that enter in the large loga-
rithms requiring resummation, namely the energy drop ∆E and the grooming parameters
fcut , θt. We will assume ∆E  fcut  1 and θt  1, for which the corresponding Lund di-
agram is shown in fig. 22. The two horizontal dashed lines correspond to the measurement
of the jet energy drop z = ∆E and the cutoff imposed on the reclustered subjets z = fcut,
respectively. The vertical line corresponds to the size of the subjets R/θ = R/Rsub = 1/θt.
We note that the Lund diagram here looks quite similar to that for the jet energy drop for
soft drop with β = 0 in fig. 13. However, in contrast to the groomed radius θg, the subjet
radius θt has a fixed value. In particular, it is not integrated over after the resummation is
performed, as in the case of soft drop. Emissions in the shaded region of the Lund diagram
are vetoed and we can read of the resummed LL expression,
G˜TRi
(
∆E , pTR, fcut, θt, αs(µ)
) LL
=
d
d∆E
exp
[
−2αsCi
pi
ln
(
∆E
fcut
)
ln θt
]
. (4.4)
The relevant modes in SCET, needed to achieve NLL′ resummation, again correspond
to the corners of the shaded region in fig. 22. Their power counting is summarized in
table 4. The refactorization of the jet function for trimming is at NLL′ accuracy given by
G˜TRi
(
∆E , pTR, fcut, θt, αs(µ)
)
(4.5)
NLL′
= Si,T (fcutpTR,µ) S˜i,T (fcut θt pTR,µ)
∫
d∆′E Si,Z′(∆
′
E , pTR,µ)
× S˜i,Z′(∆E −∆′E , θt pTR,µ)SNGi (∆E/fcut) S˜NG+ACi (∆E/fcut) .
We now provide the NLO expressions for the various ingredients in this factorization. The
one-loop soft function Si, Z′ is the same as Si, Z , which appeared in the factorization formula
of (iterated) soft drop, and is given in eq. (2.19). The other soft and collinear-soft functions
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Mode: Function: Scaling
soft ST fcut pT (R
2, 1, R)
soft SZ′ ∆E pT (R
2, 1, R)
collinear-soft S˜T fcut pT (R2sub, 1, Rsub)
collinear-soft S˜Z′ ∆E pT (R2sub, 1, Rsub)
Table 4. The parametric scaling of the momenta of the various modes in SCET, needed to describe
the jet energy drop cross section for trimming with ∆E  fcut  1 and θt = Rsub/R 1.
are given by
Si,T (fcutpTR,µ) = 1 +
αsCi
pi
{
− ln2
(
µ
fcutpTR
)
+
pi2
24
}
, (4.6)
S˜i,T (fcutθt pTR,µ) = 1 + αsCi
pi
{
ln2
(
µ
fcutθt pTR
)
− pi
2
24
}
, (4.7)
S˜i,Z(∆E , θt pTR,µ) = δ(∆E) + αsCi
pi
{
− 2
[
ln ∆E
∆E
]
+
+
2
[∆E ]+
ln
(
µ
θt pTR
)
+ δ(∆E)
[
− ln2
(
µ
θt pTR
)
+
pi2
24
]}
. (4.8)
These functions are similar to the ones for soft drop, as they can be obtained by appro-
priately replacing trimming parameters by soft drop parameters. For example, S˜i,Z can be
obtained from eq. (3.20) by replacing θg by θt. Eq. (4.5) contains two contributions from
non-global logarithms: First of all, SNGi arises at the boundary θ = R of the initial jet,
because emissions inside the jet must have z < ∆E or z > fcut (for details, see the discus-
sion of the corresponding NGL for iterated soft drop in sec. 2.5). Since the jet is obtained
by anti-kT reclustering, it has a hard boundary that is not perturbed by the clustering
of soft radiation. The second contribution from NGLs arises at the boundary θ = Rg of
the trimmed subjets. It has a very similar origin: emissions outside of a trimmed subjet
must have z < ∆E or z > fcut. However, because the subjets are obtained with the C/A
algorithm, they are sensitive to clustering effects, and there are also Abelian clustering
effects. It is described by the same S˜NG+ACi given in eq. (3.7) for soft drop, but with a
different argument.
The large logarithms are resummed by evaluating each of the four (global) functions
in eq. (4.5) at their characteristic scale
µST ∼ fcutpTR , µS˜T ∼ fcutθt pTR , µSZ′ ∼ ∆E pTR , µS˜Z′ ∼ ∆Eθt pTR , (4.9)
and using the RG equations
µ
d
dµ
Si,T (fcutpTR,µ) = γ
ST
i (fcutpTR,µ)Si,T (fcutpTR,µ) , (4.10)
µ
d
dµ
S˜i,T (fcutθt pTR,µ) = γS˜Ti (fcutθt pTR,µ) S˜i,T (fcutθt pTR,µ) , (4.11)
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Figure 23. Pythia results for the jet energy drop with trimming for fcut = 0.1 (left panel) and
fcut = 0.3, at parton level (blue), hadron level (red), and including MPI (green). Note that these
curves are normalized on the full ∆E interval.
µ
d
dµ
S˜i,Z′(∆E , θt pTR,µ) =
∫
d∆′Eγ
SZ′
i (∆E −∆′E , θt pTR,µ) S˜i,Z′(∆′E , θt pTR,µ) , (4.12)
to evolve them to a common scale. The anomalous dimensions are summarized in the
appendix A.
4.4 Numerical results
We start by presenting numerical results for the jet energy drop with trimming. For the
four panels in fig. 24, we choose the same LHC jet kinematics as in the previous sections.
The grooming parameters are taken to be fcut = 0.3 and θt = 0.4. As mentioned before,
the fcut value here is larger than what is typically used in experimental analyses. Our
choice is motivated by the fact that for relatively large values of fcut a significant fraction
of the jet energy drop cross section is in the perturbative range, where the resummation
techniques studied in this work are applicable. This point is illustrated in fig. 23, where
Pythia predictions at parton and hadron level are compared. Explicitly, in the right panel
the red and green curves overlap for ∆E & 0.15, while they never completely overlap in
the left panel. Similar to soft drop, MPI affects the whole distribution.
In fig. 24 we show both the NLL′ and NLL results, finding again that the NLL curve
is within the uncertainty band of the NLL′ result in the perturbative region, indicating
a good convergence of the resummed cross section. We note that the cross section does
not vanish at ∆E = fcut, consistent with the NLO result shown in fig. 21. Indeed, the
cross section can extend to ∆E values well above fcut. However, this requires a different
factorization formula than eq. (4.5), since we formally assumed ∆E  fcut, and we leave
an analysis of the region ∆E & fcut for future work.
In fig. 25 we consider the dependence of the jet energy drop on the grooming parameters
θt and fcut, for a jet pT = 1000−1200 GeV (as in the lower-right panel of fig. 24). A larger
value of θt leads to larger subjet energies, which are more likely to cross the threshold set
by fcut. This leads to the larger spike near ∆E ≈ 0 in the left panel of fig. 25. Similarly, a
smaller value of fcut allows more subjets to pass the grooming condition, reducing the jet
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Figure 24. Numerical results for the jet energy drop obtained with the trimming algorithm at
NLL (blue dashed) and NLL′ (orange) order, compared to Pythia partonic (purple dashed). We
choose trimming parameters fcut = 0.3 and θt = 0.4. The different panels correspond to different
jet transverse momenta. The central curves are normalized to unity between the dotted vertical
line and ∆E = fcut.
Figure 25. Dependence of the jet energy drop for trimming on the grooming parameters θt (left)
and fcut (right).
energy drop. Note that in this case we only plot distributions for ∆E < fcut, because our
factorization formula does not lead to reliable predictions beyond that.
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5 Conclusions
We have studied the jet energy drop, which is the relative difference in jet energy (or
transverse momentum) of a groomed and ungroomed jet, and is a key observable for char-
acterizing the impact of grooming on jets. We considered three different grooming algo-
rithms, frequently used in experimental analyses: i) soft drop, ii) iterated soft drop, and
iii) trimming. The jet energy drop is particularly sensitive to soft radiation, making it ide-
ally suited for tuning parton shower event generators to data, particularly to constrain the
hadronization model. Since it maps out the soft substructure of jets, it also has significant
potential for studying the modification induced by medium effects in proton-nucleus and
nucleus-nucleus collisions.
We have developed factorization formulae which allow for an evaluation of the cross
sections at next-to-leading logarithmic (NLL′) accuracy, resumming logarithms of the jet
radius, jet energy drop, and grooming parameters. We also include the non-global loga-
rithms with C/A clustering effects and Abelian clustering effects at order α2s. Formally,
one should also resum the NGLs, but from earlier work we note that their effect beyond
the leading term is negligible for our phenomenological results. The factorization for soft
drop requires a joint resummation of the jet energy drop and groomed jet radius θg, and is
very sensitive to nonperturbative effects when integrating the resummed cross section over
θg. This sensitivity can be reduced in a controlled manner by imposing a minimum cut
on θg. The energy drop for soft drop with β = 0 is a Sudakov safe observable, which we
calculate also to NLL′. We have presented numerical results for all three algorithms and
compared to Pythia simulations, finding very good agreement in the perturbative region.
For soft drop we also compared to CMS data.
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A Anomalous dimensions
The coefficients in the QCD beta function are given by
β0 =
11
3
CA − 4
3
TFnf ,
β1 =
34
3
C2A −
(
20
3
CA + 4CF
)
Tfnf , (A.1)
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and the cusp anomalous dimension is expanded in terms of
Γi0 = 4Ci ,
Γi1 = 4Ci
[(
67
9
− pi
2
3
)
CA − 20
9
TFnf
]
(A.2)
The one-loop Altarelli-Parisi splitting functions are given by
Pqq(z) = CF
[
1 + z2
(1− z)+
+
3
2
δ(1− z)
]
, Pgq(z) = CF
1 + (1− z)2
z
,
Pgg(z) = 2CA
[
z
(1− z)+
+
1− z
z
+ z(1− z)
]
+
β0
2
δ(1− z) , Pqg(z) = TF
[
z2 + (1− z)2] .
(A.3)
Here we list all relevant anomalous dimensions
γSGi (zcutpTR, β, µ) = −
2αsCi
pi
1
1 + β
ln
(
µ
zcutpTR
)
,
γSZi (∆E , pTR,µ) = γ
SZ′
i (∆E , pTR,µ) = −
2αsCi
pi
[
1
[∆E ]+
− ln
(
µ
pTR
)
δ(∆E)
]
,
γS˜Xi (∆E , z
−1/β
cut pTR, β, µ) =
2αsCi
pi
[
1
[∆E ]+
− β
1 + β
ln
(
µ
z
−1/β
cut pTR
)
δ(∆E)
]
,
γH˜q (pTR,µ) =
αsCF
pi
[
2 ln
(pTR
µ
)
− 3
2
]
,
γH˜g (pTR,µ) =
αs
pi
[
2CA ln
(pTR
µ
)
− 1
2
β0
]
,
γC
∈gr
q (θ
c
gpTR,µ) =
αsCF
pi
[
2 ln
(
µ
θcgpTR
)
+
3
2
]
,
γC
∈gr
g (θ
c
gpTR,µ) =
αs
pi
[
2CA ln
(
µ
θcgpTR
)
+
1
2
β0
]
,
γS˜Zi (∆E , θg pTR,µ) =
2αsCi
pi
[
1
[∆E ]+
− ln
(
µ
θg pTR
)
δ(∆E)
]
,
γ
S˜Z′
i (∆E , θt pTR,µ) =
2αsCi
pi
[
1
[∆E ]+
− ln
(
µ
θt pTR
)
δ(∆E)
]
,
γSTi (fcut pTR,µ) = −
2αsCi
pi
ln
(
µ
fcut pTR
)
,
γS˜Ti (fcutθt pTR,µ) =
2αsCi
pi
ln
(
µ
fcutθt pTR
)
. (A.4)
where Ci = CF (CA) for i = q (i = g). We achieve full NLL
′ accuracy by including the
two-loop cusp anomalous dimension, which multiply the lnµ terms in eq. (A.4).
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